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A BRIEF OVERVIEW

Main question: systematic and canonical discretization of tensor fields on triangulation?

de Rham complex: there have been comprehensive results for skew-symmetric tensor fields, i.e.,
differential forms, under the name of finite element differential forms or Finite Element Exterior
Calculus (FEEC).

Canonical construction of finite elements, Ralf Hiptmair, Math. Comp. 1999.

This talk: focuses on a special kind of tensors Λk ,ℓ := Altk ⊗ Altℓ, form-valued forms. Special
cases include strain and stress fields in elasticity and metric and curvature tensors in geometry.
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DE RHAM COMPLEX (3D VERSION)

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0.
grad curl div

d0 := grad, d1 := curl, d2 := div .

▶ complex property: dk ◦ dk−1 = 0, ⇒ R(dk−1) ⊂ N(dk),
curl ◦ grad = 0 ⇒ R(grad) ⊂ N(curl), div ◦ curl = 0 ⇒ R(curl) ⊂ N(div)

▶ cohomology: H k := N(dk)/R(dk−1),
H 0 := N(grad), H 1 := N(curl)/R(grad), H 2 := N(div)/R(curl)

▶ exactness (contractible domains): N(dk) = R(dk−1), i.e., dk u = 0 ⇒ u = dk−1v
curl u = 0 ⇒ u = gradϕ, div v = 0 ⇒ v = curlψ.

In higher dimensions,

· · · Λk−1 Λk Λk+1 · · ·dk−1 dk

Λk : differential k -forms, dk : exterior derivatives
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DE RHAM COMPLEX AND TOPOLOGY

dimension of H k = number of “k-dimensional holes” (c.f. de Rham theorem)

Examples where dimH 1 = 1 and dimH 2 = 1, respectively.
Left: curl-free field which is not grad, Right: div-free field with is not curl.

(figure from Finite element exterior calculus, D.N.Arnold, SIAM 2008. )
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Other types of tensors?

(Linear) elasticity: − div(A def u) = f .

u displacement (vector),

e := def u := 1/2(∇u +∇uT ) strain (linearized deformation), symmetric matrix,

σ := A def u stress, symmetric matrix.

Metric: g : TM× TM → R, symmetric. g(u, u): length of u. g(·)(·): 1-form-valued 1-forms

Riemannian curvature: R j
i ,kl transform(matrix)-valued 2-forms. Given two vectors u, v , Riem(u, v) is the

transform measuring the change brought by parallel transport around the loop [u, v ].
Rij,kl := gjsR s

i ,kl 2-form-valued 2-forms

Figure: J. M. Lee, Introduction to Riemannian Manifolds.

Ricci curvature: trace of Rij,kl , Rik := g jlRij,kl . symmetric 2-tensor (matrix)

Einstein tensor: Ricci with modified trace Gik := Rik − 1
2(g

jlRjl)gik . symmetric 2-tensor (matrix)
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TENSORS FIT IN COMPLEXES
EXAMPLE: ELASTICITY (KRÖNER, CALABI) COMPLEX

displacement formulation

intrinsic elasticity (Ciarlet et al.)

Kröner’s continuum description of dislocations/defects,
internal stress

Hellinger-Reissner principle of elasticity

V := R3 vectors, S := R3×3
sym symmetric matrices

def u := 1/2(∇u +∇uT ), (def u)ij = 1/2(∂iuj + ∂jui).

inc g := ∇× g ×∇, (inc g)ij = ϵiklϵjst∂k∂sglt .

div v := ∇ · v , (div v)i = ∂ juij .

g metric ⇒ inc g linearized Einstein tensor (⋍ Riem ⋍ Ric in 3D)

inc ◦ def = 0: Saint-Venant compatibility
div ◦ inc = 0: Bianchi identity
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HOW TO DERIVE SUCH COMPLEXES: THE BGG MACHINERY

Bernstein-Gelfand-Gelfand (BGG) machinery: Derive complexes from de Rham complexes; carry over
de Rham results. (B-G-G 1975, Čap,Slovák,Souček 2001, Eastwood 2000, Arnold,Falk,Winther 2006)

BGG in 1D

BGG diagram:

0 H2 H1 0

0 H1 L2 0.

∂x

∂x

I

BGG complex:

0 H2 L2 0.
∂2

x

▶ two de-Rham complexes with different continuity,
▶ cohomology: N(∂2

x )
∼= N(∂x)⊕N(∂x), ∂2

x is onto.
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ELASTICITY COMPLEX FROM BGG

V := R3 vectors, S := R3×3
sym symmetric matrices

S

S

S1u := uT − tr(u)I.

Output : elasticity complex

0 Hs ⊗ V Hs−1 ⊗ S

Hs−3 ⊗ S Hs−4 ⊗ V 0.

def curl

T
curl div

Conclusion : elasticity cohomology = de Rham cohomology (Proof: homological algebra)
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ND: FORM-VALUED FORMS

0 Hq ⊗ Alt0,J−1 Hq−1 ⊗ Alt1,J−1 · · · Hq−n ⊗ Altn,J−1 0

0 Hq−1 ⊗ Alt0,J Hq−2 ⊗ Alt1,J · · · Hq−n−1 ⊗ Altn,J 0

d d d

d

S0,J

d

S1,J

d

Sn−1,J

where Alti,J := Alti ⊗ AltJ

si,Jµ(v0, · · · , vi)(w1, · · · ,wJ−1) :=
i∑

l=0

(−1)lµ(v0, · · · , v̂l , · · · , vi)(v l ,w1, · · · ,wJ−1),

∀v0, · · · , vi ,w1, · · · ,wJ−1 ∈ Rn.

All the cases in 3D:

0 Λ0,0 Λ1,0 Λ2,0 Λ3,0 0

0 Λ0,1 Λ1,1 Λ2,1 Λ3,1 0

0 Λ0,2 Λ1,2 Λ2,2 Λ3,2 0

0 Λ0,3 Λ1,3 Λ2,3 Λ3,3 0.

d0 d1 d2

d0

S0,1

d1

S1,1

d2

S2,1

d0

S0,2

d1

S1,2

d2

S2,2

d0

S0,3

d1

S1,3

d2

S2,3

Λi,j : Alti ⊗ Altj with Sobolev or smooth coefficients
8 / 27



3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 Hq ⊗ R Hq−1 ⊗ V Hq−2 ⊗ V Hq−3 ⊗ R 0

0 Hq−1 ⊗ V Hq−2 ⊗M Hq−3 ⊗M Hq−4 ⊗ V 0

0 Hq−2 ⊗ V Hq−3 ⊗M Hq−4 ⊗M Hq−5 ⊗ V 0

0 Hq−3 ⊗ R Hq−4 ⊗ V Hq−5 ⊗ V Hq−6 ⊗ R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

Hessian complex:

0 Hq ⊗ R Hq−2 ⊗ S Hq−3 ⊗ T Hq−4 ⊗ V 0.hess curl div

biharmonic equations, plate theory, Einstein-Bianchi system of general relativity
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 Hq ⊗ R Hq−1 ⊗ V Hq−2 ⊗ V Hq−3 ⊗ R 0

0 Hq−1 ⊗ V Hq−2 ⊗M Hq−3 ⊗M Hq−4 ⊗ V 0

0 Hq−2 ⊗ V Hq−3 ⊗M Hq−4 ⊗M Hq−5 ⊗ V 0

0 Hq−3 ⊗ R Hq−4 ⊗ V Hq−5 ⊗ V Hq−6 ⊗ R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

elasticity complex:

0 Hq−1 ⊗ V Hq−2 ⊗ S Hq−4 ⊗ S Hq−5 ⊗ V 0.def inc div

elasticity, defects, metric, curvature
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3D EXAMPLES

R: scalar V: vector M: matrix S: symmetric matrix T: trace-free matrix

0 Hq ⊗ R Hq−1 ⊗ V Hq−2 ⊗ V Hq−3 ⊗ R 0

0 Hq−1 ⊗ V Hq−2 ⊗M Hq−3 ⊗M Hq−4 ⊗ V 0

0 Hq−2 ⊗ V Hq−3 ⊗M Hq−4 ⊗M Hq−5 ⊗ V 0

0 Hq−3 ⊗ R Hq−4 ⊗ V Hq−5 ⊗ V Hq−6 ⊗ R 0.

grad curl div

grad

id

curl

2 vskw

div

tr

grad

−mskw

curl

S

div

2 vskw

grad

−ι

curl

mskw

div

id

divdiv complex:

0 Hq−2 ⊗ V Hq−3 ⊗ T Hq−4 ⊗ S Hq−6 ⊗ R 0.
dev grad sym curl div div

plate theory, elasticity
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CANONICAL FINITE ELEMENTS FOR THE DE RHAM COMPLEX

0
grad curl div

0

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis

“The main advantage of these finite elements is the possibility of approximating Maxwell’s equations while exactly verifying one

of the physical law.” – J.C. Nédélec, Mixed Finitc Elements in R3 (1980)

Bossavit (1988): differential forms and complex

“A rationale for the use of Lhese special ’mixed’ clements can be obtained if one expresses basic equations in terms of differential

forms, instead of vector fields. ... Whitney forms were described in 1957, long before the use of finite elements.”

– A. Bossavit, Whitney forms: a class of finite elements for three-dimensional computations in electromagnetism (1988)

Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

Finite element exterior calculus (FEEC): structure-preserving FEM
Discrete exterior calculus (DEC): defining spaces and operators on primal and dual meshes
Topological data analysis (TDA): cohomology and Hodge-Laplacian on graphs

Lim, Lek-Heng. "Hodge Laplacians on graphs." SIAM Review 62.3 (2020).

10 / 27



DISCRETE LEVEL: FINITE ELEMENTS
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Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20
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DISCRETIZATION OF COMPLEXES: FINITE ELEMENTS AND SPLINES

▶ 2D stress: Arnold-Winther 2002, J.Hu-S.Zhang 2014, Christiansen-KH 2018,
▶ 2D strain: Chen-J.Hu-Huang 2014 (Regge/HHJ), Christiansen-KH 2018 (conforming), Chen-Huang

2020, DiPietro-Droniou 2021 (polygonal meshes), KH 2023
▶ 3D elasticity: various results on last part of complex, Hauret-Kuhl-Ortiz 2007 (discrete

geometry/mechanics), Arnold-Awanou-Winther 2008, Christiansen 2011 (Regge),
Christiansen-Gopalakrishnan-Guzmán-KH 2020, Chen-Huang 2021, J.Hu-Liang-Lin 2023,
Gong-Gopalakrishnan-Guzmán-Neilan 2023

▶ 3D Hessian: Chen-Huang 2020, J.Hu-Liang 2021, Arf-Simeon 2021 (splines)
▶ 3D divdiv: Chen-Huang 2021, J.Hu-Liang-Ma 2021, Sander 2021 (H(sym curl), H(dev sym curl)),

J.Hu-Liang-Ma-Zhang 2022, J.Hu-Liang-Lin 2023, DiPietro-Hanot 2023
▶ nD: Chen-Huang 2021 (last two spaces), 2D arbitrary regularity: Chen-Huang 2022,

Bonizzoni-KH-Kanschat-Sap 2023
▶ conformal complexes: KH-Lin-Shi 2023.

Most on conforming finite elements, high order polynomials and super(redundant)-smoothness

Goal: A canonical construction, generalizing Whitney forms.
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GENERALIZING FINITE ELEMENTS: BACK TO DE RHAM’S CURRENTS

Use currents (measures, Dirac delta), rather than functions.

Geometric Measure Theory , graphics
(Codimensional geometry: A point cloud represents a probability measure; curve cloud, surface cloud...)

Figure: Exterior Calculus in Graphics, Stephanie Wang, Mohammad

Sina Nabizadeh and Albert Chern; ACM SIGGRAPH 2023 courses.
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DISCRETE LEVEL: FINITE ELEMENTS
grad curl div

b

b b

b

b

grad curl div

b

b b

b
b

nfδ
f

teδ
e

δv

Braess, Schöberl 2008
Perspectives:
▶ Topological perspective: k -th space ∼= (n − k)-chains, distributional dk ∼= ∂n−k
▶ Finite Element perspective: dual, complex of degrees of freedom
▶ Discrete Exterior Calculus perspective: cochain complex on dual meshes

▶ Fluid perspective: point vortex, vortex lines... (vorticity 2-form: delta on codim 2)

▶ Numerical applications: equilibrated residual error estimators (Braess, Schöberl 2008)
▶ Cohomologies, analysis: Licht 2017 (double complex)
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1D FINITE ELEMENTS BGG
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3D ELASTICITY COMPLEX: REGGE CALCULUS

Christiansen 2011: Regge calculus = finite elements

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Regge calculus: Metric given by edge lengths; curvature as angle deficit
(quantum relativity, discrete geometry).
T. Regge (1961). General relativity without coordinates. Il Nuovo Cimento (1955-1965), 19, 558-571.

Regge finite element: Metric: p.w. constant sym matrices,
∫

e te · g · te as dofs. Curvature: distributional.

nD: Lizao Li (2018 Minnesota thesis), nonlinear curvature with Regge elements (Berchenko-Kogan,Gawlik
2022, Gopalakrishnan,Neunteufel,Schöberl,Wardetzky 2022, Gawlik,Neunteufel 2023)
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Theorem (Christiansen, KH, Lin 2023). The cohomology of the Regge complex is isomorphic to
H•

dR(Ω)⊗ RM, the infinitesimal-rigid-body-motion-valued de Rham cohomology.

Proof.

Step 1: cohomology of an auxiliary sequence is isomorphic to the simplicial homology
Construct an auxiliary sequence starting with discontinuous piecewise polynomials (rigid body motions,
N(def)), sequence isomorphic to the chain complex (D• ∼= ∂•).

Step 2: cohomology of the auxiliary sequence is isomorphic to the Regge sequence
Increase the regularity using several auxiliary sequences. Use diagram chase (snake lemma) to derive the
cohomology.
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3D HESSIAN [KH, LIN, ZHANG 2023]

hess curl div

b

b b

b

Lagrange −→ face n-n delta −→ edge t-n delta −→ vertex delta

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Theorem. The cohomology is isomorphic to P1 ⊗HdeRham.
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3D DIVDIV [KH, LIN, ZHANG 2023]

dev grad symcurl div div

b

b b

b
+2T

+2T

Lagrange vector −→ T+ x × S, Ctn −→ S, Cnn −→ vertex delta

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Dual of Hessian complex .
T+ x × S: analogy of Koszul operator (automatically trace-free).

Theorem. The cohomology is isomorphic to P1 ⊗HdeRham.

Hellan-Herrmann-Johnson (HHJ) element for biharmonic equation.
Implemented in NGSolve (J.Schöberl). Applications in numerical relativity (in progress).
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WHY DO WE BELIEVE THIS IS THE CANONICAL DISCRETIZATION?

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Patterns for discretization for Alti ⊗ Altj (j-form-valued i-forms):

▶ cohomology is correct, isomorphic to continuous version

▶ i ≤ j : functions, i > j : Dirac deltas, transition happens at BGG zig-zag

▶ (i, j) dual to (j, i); (i, j) dual to (n − i, n − j), Hessian complex dual to divdiv, elasticity ‘self-adjoint’

▶ function part (i ≤ j): j-form-valued i-forms discretized on i-cells attaching a j-form to an i-cochain

▶ delta part (i > j): j-form-valued i-forms means attaching j-forms to dual i-cells
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EXTENSIONS AND OUTLOOK
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SOLVING PDES USING DISTRIBUTIONAL ELEMENTS

General principle: choosing spaces such that Dirac delta is evaluated only on continuous functions.

Poisson (reinterpretation): seek u ∈ C0P1(Th), such that

(∇u,∇v) = (f , v), ∀v ∈ C0P1(Th) ⊂ H1.

⟨−∆u, v⟩ = (f , v), ∆u = div grad u: edge (tangential) measure, can be paired with v ∈ C0 ✓

Linear elasticity: (divσ,u) = −(σ, def u). σ: symmetric matrix, u: vector

▶ regular u (displacement formulation): u ∈ C0, σ discontinuous locking: deterioate with parameters
▶ regular σ (Hellinger-Reissner): σ · n continuous difficult to construct
▶ in between (distributional): n · σ · n continuous robust

divσ: tangential delta, u has continuous tangential ✓ (TDNNS, Pechstein, Schöberl 2011)

· · ·
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Benefit of distributional-FE-based methods:

▶ canonical degrees of freedom,
▶ intrinsic (coordinate-independent, e.g., Regge elements using edge lengths as DoFs) and discrete

geometric interpretations,
Intrinsic Finite Elements, potential generalizations to other contexts

▶ invariance under pullbacks
useful for assembling FE matrices and mapping to curved manifolds such as shells.

Consequences of the canonical algebraic/geometric structures.
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A CLOSER LOOK AT THE DERIVATION: TWISTED COMPLEXES

In 1D, 2D, 3D:
▶ twisted complexes: Timoshenko beam, Reissner-Mindlin plate, Cosserat elasticity
▶ BGG complexes: Euler-Bernoulli beam, Kirchhoff-Love plate, standard elasticity.

Mechanics interpretation of BGG construction: eliminating microstructure variables (e.g., pointwise
rotation) or torsion from twisted complexes via cohomology-preserving projections.
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EXTENDED REGGE COMPLEX: A DISCRETE RIEMANN-CARTAN GEOMETRY

Extending Regge complex to the entire diagram - extending discrete curvature to discrete Riemann-Cartan
geometry (curvature+torsion).
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A DIFFERENT PICTURE: HOW TO CHARACTERIZE HIGH-ORDER TENSORS?

Young tableau

Peter Olver, ’Differential hyperforms’ 1982.
Discretization: ongoing work with Jay Gopalakrishnan (Portland), Joachim Schöberl (Vienna).
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SUMMARY

▶ Take-home message : using currents as distributional finite elements to obtain canonical
discretization of tensor fields and intrinsic finite elements.

▶ Further directions
• higher dimension, general form degree and tensor type (e.g., Riemannian tensor), towards a

Finite Element Tensor Calculus;

• two traditions: lattice methods (e.g., Discrete Exterior Calculus (DEC), discrete physics; intuitive
but not much convergence theory) and finite element type methods (systematic and rigorous, but
less flexible) getting closer with distributional elements.

DEC: defining operators, heuristic and not unique.
Distributional FEs: rigorous calculation in the sense of distributions, unique.

• distributions bring in subtle analytic issues (esp. nonlinear problems) −→ measure-valued
solutions of PDEs.

• An Erlangen program for mechanics?

[sequences ⇔ geometry/algebra ⇔ mechanics models] ⇐= finite element exterior calculus

• Einstein equations.
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▶ Complexes from complexes, D.N. Arnold, KH; Foundations of Computational Mathematics (2021).
framework, analytic results from homological algebraic structures

▶ BGG sequences with weak regularity and applications, A. Čap, KH; Foundations of Computational
Mathematics (2023) more general framework, conformal complexes

▶ Nonlinear elasticity complex and a finite element diagram chase, KH; Springer INdAM Series
“Approximation Theory and Numerical Analysis Meet Algebra, Geometry, Topology” (2023).

nonlinear complex, diagram chase

▶ Extended Regge complex for linearized Riemann-Cartan geometry and cohomology,
S.H. Christiansen, KH, T. Lin, arXiv (2023) cohomology of Regge sequence, extensions to torsion

▶ Distributional Hessian and divdiv complexes on triangulation and cohomology, KH, T. Lin, Q. Zhang
arXiv (2023) distributional Hessian and divdiv complexes
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