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MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmetries and differential structures?
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MOTIVATION

stress, strain tensors, dislocation density, disclination density in continuum mechanics,
metric, curvature (scalar, Ricci, Weyl, Riemann, Cotton...), torsion in differential geometry etc.

Are there discrete analogues of such tensors with symmetries and differential structures?

A special case: differential forms (fully skew-symmetric tensors), exterior derivatives

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”
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EINSTEIN EQUATIONS

[spacetime geometry}

Gap = 5 Tas

Numerically solving the Einstein equations (numerical relativity) has
been used to compute templates of gravitational waves and investi-
gate new theories of gravity.

.

Connection from metric:

(agz:' n 0gy  0gi

ox/ oxi oxt”
Riemannian tensor from connection:

ory oIy
oxi Oxk

Iy =g"

Ry = + Im Ik — D Iy -

Ricci tensor is the trace of Riemann: Rix = R’;
Einstein tensor is Ricci with modified trace:

1
Gk = Rix — §Hgik,

. J

A major approach: 3+1 (space+time) decomposition

Challeges: nonlinear constraints, tensor symmetries, singularity...
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EINSTEIN-BIANCHI FORMULATION
From Bianchi identity:
VQROCB’)\“ + VuR)\g — V)\Ruﬁ =0.

Using the Einstein equations R,z = pas,
VaR% 3 = Vapus = Viupas:

Constraint and evolutionary eqns are different components.
Define 1

0 hk,Im
Ej=FRjoj Dj= ymimknimB™",

1 1.
Hj = EN "ninkR™ o, Bji = EN "ink Foj ™.

Now E, D, H, B satisfy an egn of Maxwell’s type. Linearization around Minkowski:

B;+V xE=0,
E,—VxB=0.

E, B: Traceless-Transverse matrices (symmetric, tracefree, divergence-free), preserved by evolution!

[ Challenge: encoding symmetries (SN T) and differential structures (divergence-free) in numerics.

» Quenneville-Belair, Vincent. “A new approach to finite element simulations of general relativity."
(2015). Thesis with Douglas Arnold. imposing symmetries weakly by Lagrange multipliers
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CONFORMAL DEFORMATION COMPLEX ENCODES TT TENSORS

conformal Killing cott : Cotton-York stress-like formulation for Stokes
) o :=symgradu

00— C®VeE CcegENT) —=  , cog((SNT) —&

gravitational wave: TT tensor

S: symmetric matrices T: trace-free matrices
devw:=w— %tr(w)l, cottg:=curl S~ 'curl S~ curl, divv:=V-v, Su:=u' —tr(u)l

BGG (Bernstein-Gelfand-Gelfand) point of view: (Arnold, Hu 2021; Cap, Hu 2023)

—mskw) T mskw/8)T ( ZVy

0 c*oRaV) L cxgVaM L coo(VaeM) s c* o R®OV) —— 0
(I —mskw) (2vs (tr 2vsky)

6 ooV T ovem (o) e

M: matrix, V =R3

C*®(V) -0
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Constructing “good” conforming finite element subcomplex of
CK —=— H'(2;R3) %9 fcott, 2;SNT) —=5 H(div, 2;SNT) -2 [2(2;R3) —— 0,
denoted by

C dev def tt i di
CK —— Ukgrp =5 I = B0V, —=5 Vian —— 0.

Sub-problem 1: divergence pair. Construct finite element spaces X%V, Vp,

div

e —— 3V Vi )

satisfying
. divo - v
div Z9v = v, inf Jodive

u >C>0
veVi\{0} pe i g0y 1971 (aiv.2) 1V Il 2(2)

» Fluid mechanics: 2‘,’7“’ C [H"]" (velocity, vector), V), C L? (pressure, scalar),
> Elasticity: Z“f,i" C H(div;S) (stress, sym matrix), Vi C [L2]” (load, vector),
» General relativity: Z“,j,i" C H(div; SN T) (stress, sym & traceless matrix), V, C [L?]" (load, vector)



C dev def tt i di
CK —— Ukgrp =55 I0 =25 ZWVa, —=5 Vian —— 0.

Sub-problem 2: H(cott; S N T)-conforming finite elements. conformity conditions from integration by parts
Sub-problem 3: complex, exactness, cohomology. On contractible domains,
ker(cott, Z3°) = dev def Uky 15
ker(div, X5 ) = cott I,

div Z5Vs p = Vi—an



SUB-PROBLEM 1: DIVERGENCE PAIR

A classical question in Stokes problem and linear elasticity.

ldea: using bubbles. Thus L? pressure is almost controlled by interior part of [H']" velocity.
div

s iy Moy 50

> div: [H]]" — L2/R onto, where R = ker(grad),
» div : Ho(div;S) — L2/RM onto, where RM = ker(sym grad): infinitesimal rigid body motion
» div : Ho(div;SNT) — L2/CXK onto, where CK = ker(dev sym grad): conformal Killing fields

Similarly, in finite elements,
s x50 ful

§

o div

c—— 3 -y vy /ker(div) —— 0 bubble

- +

§

~ div

C— X _dv ker(div') ——— 0  skeleton

%%%
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DIV-BUBBLES: S, TAND SN T

Theorem 1 (div of symmetric (S) bubbles (Arnold,Awanou,Winther, 2008, Hu & Zhang,
2015))

divB{V(S) = P_1(R®)/RM,

where BSV(S) = {o € P«(S) : on|g = 0}.
[Arnold,Awanou,Winther, 2008] bubble complex,
[Hu & Zhang] used explicit characterization of bubbles Bj"(S) = e totl Pc_o(R).

Theorem 2 (div of traceless (T) bubbles (Hu & Liang, 2020))

divB{V(T) = Px_1(R®)/RT.
where BIV(T) = {o € P«(T) : on|g =0}, RT ={ax+b:acR,bc R} = ker(devgrad).

Conjecture: SN'T

divB{(SNT) = Pc_4(R%)/CX.
where BSV(SNT) = {o € P(SNT) : on|r = 0}.
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DIV-BUBBLES: S, TAND SN T

Theorem 1 (div of symmetric (S) bubbles (Arnold,Awanou,Winther, 2008, Hu & Zhang,
2015))

divB{V(S) = P_1(R®)/RM,

where BSV(S) = {o € P«(S) : on|g = 0}.
[Arnold,Awanou,Winther, 2008] bubble complex,
[Hu & Zhang] used explicit characterization of bubbles Bj"(S) = e totl Pc_o(R).

Theorem 2 (div of traceless (T) bubbles (Hu & Liang, 2020))

divB{V(T) = Px_1(R®)/RT.
where BIV(T) = {o € P«(T) : on|g =0}, RT ={ax+b:acR,bc R} = ker(devgrad).

Conjecture: SN'T

divB{(SNT) = Pc_4(R%)/CX.
where BSV(SNT) = {o € P(SNT) : on|r = 0}.

However, the conjecture is false!
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ALL IS ABOUT supersmoothness...

Splines have automatic higher continuity at corners.

LN

» Sorokina, T. (2010). Intrinsic supersmoothness of multivariate splines. Numerische Mathematik, 116,
421-434.

C'(Th) = C3(v)

» Shekhtman, B., & Sorokina, T. (2015). Intrinsic Supermoothness. Journal of Concrete & Applicable
Mathematics, 13.

» Floater, M. S., & Hu, K. (2020). A characterization of supersmoothness of multivariate splines.
Advances in Computational Mathematics, 46(5), 70.

\.

Bubbles have higher vanishing properties at corners. e.g., Lagrange bubble J(AgA1A2A3) = 0 at vertices

W Continuity

R3 o = 0 at vertices
o € H(div; W): o - n= 0 on faces S o = 0 at vertices

T o = 0 at vertices

SNT o = 0o =0 at vertices

[Hint: count conditions at a vertex; fewer components in W = more likely higher-order derivatives match.]
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ALL IS ABOUT supersmoothness...

div,(s)

Define divB, (SNT): 60 =00 =--- = 9% = 0 at vertices in addition; similar for P,((sj”.

Supersmoothness result:  BIv(SN T) = BIO(snT) =B (SN T)
Hope:

divBI* (s nT) = P (R®) /€KX for some s.

Theorem 3

The above holds for s = 3, but not for s = 1, 2.

Sketch of Proof

To count dim R(div), we instead count ]B%ii"’(s)(S N T) N ker(div) through complex of bubbles.

dim R(div) = dim B (S AT — dim ker(div)
= dimBI (SN T) — dim R(cott)
= dimBIM (SN T) — (dim BP™(K; SN T) — dim R(dev def))

dev def Ziofst cott

C i di
CK —— Uk+1,h 251'137,7 $> Vk—4,h — 0.

construct first several spaces of the bubble complex.
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ANALYSIS OF THE LINEARIZED COTTON-YORK TENSOR

Lemma 1

Integration by parts for cott For sufficiently smooth o and T,

(cottT,0)k — (cotto, T)k = (tr(o), Hrinc TIIF) ok — (tra(o), n X T X N) g
+ (tra(o),2defp(n - T1IF) — HFOnTIIF) 5 + €dge terms,

where

tri(o) = sym(Illfo x n), similar to H(curl)
tro(o) = sym((2defe(n- ollg) — IIrdyoIIF) X n), involving 1st order differential
trg(o) = 2defe(n - symcurl oIlg) — IIrds(symcurl o) IIF.  involving 2nd order differential

Recall: cott := curloS™" o curl oS~ curl, where So := o7 — tr(o)l.

Theorem 4

Leto be SN'T and piecewise polynomials defined on Ty,
o € H(cott,SNT) <

tri(o), tra(o), and trz(o) single-valued on faces
o single-valued on edges
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BuBBLE COMPLEXES

Theorem 5.1

The following conformal bubble complexes are exact:
0 — bxPi_s(K; R3) L9h peott (- § 1 T) < BV (K, SN T) N ker(div) 2% 0.
0 — B2 Py_7(K; R®) 29 b Bl ot (K; S N T) <% BIV, (K; SN T) N ker(div) 2

0 — b3 Pe_11(K; R®) 9, 2 g2eett (. § 1 T) < Bdiv_ (K; SN T) N ker(div

iv

) —
) div
where bx = AgA1 23 (scalar bubble),

Biott(K; SN T) = {0’ € PK(S N T) : tr1(0')|[: = tr2(0)|f: = tr3(0')|/: = 0},

BrS(K;SNT) = {o € Pk_a(SNT) : byo € BLHK; SNT)},
BZ 3 (K;SNT) ={o € P_s(SNT) : bgo € B (K;SNT)}.

Sketch of proof

Using BGG: conformal = elasticity + div div.

0
— 0.
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GLOBAL FINITE ELEMENTS: H(div; SN T) — L3(V) PAIR

Having figured out the bubbles, we obtain global FE spaces.
Vs y C H(div,SNT)  For k > 10, shape function space Px_s(K; SN T), degrees of freedom
Dr(9), V]a| <3, VéeV(K),
/T :q, Vq € Px_11(e;SNT), Vece &(K),
e
/ q-7-n, vge P (F.R%), VFeF(K),
F

/ r:.q, vqeB"\ (k).
K

unisolvence, H(div)-conformity
Vi_an C L2(V) shape function space Px_4(K;R®), degrees of freedom
DV(5), Vla| <2, Ve V(K),

/ v:q, VgeP? (k1.
K
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THE REST OF THE COMPLEX

» add trace operators terms (from integration by parts) to DoFs to ensure (minimal) conformity,
» bubble complexes tell us what supersmoothness to put,
» to construct 3D FEs, first construct the edge (1D) and face (2D) versions.

Face/edge traces are 2D/1D finite elements. Finite Element System idea.

Application to H(cott)—conforming finite element:
> vertex DoFs : C® supersmoothness,

» edge DoFs : tra(o) € H(dive dive, Se N TF), trs(o) € H(rotr, Se N TF), through trace diagram:

u dev def o cott

~

4

— defe curl —dive div
u-n L (o)

and

dev def tt
u evde o co g

l % hessg dive l

rotg
uxn—-— trg(c) —— nx7-n
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FINITE ELEMENTS IN TWO DIMENSIONS

Trace operators involved in H(divr dive; Sf N Tr)-conforming spaces: for e € £(F),

tr<—3,1(0') ‘=NFe- 0 NFg,

tre2(0) == 0Oty (tre- 0 - NFe) + NEe - divFo
H(dive dive; SE N TF)-bubbles with minimal vanishing conditions:

BIVFIVF(F SENTE)|F = {o € Pk(F;SE)|F : tre1(o)|e = trea(o)|e = 0,
Ve € &(F),a(8) = 0,6 € V(F)}.

Theorem 5

The following sequence is exact:

0 —— B2PY, (FiR) | 2 mevr e O (£ 50 0 T ) |r 2 PE)(FR)|£\PF (F; R) [ —— O,

where
P (FiR)|F := Pi(FiR)|r @ {(ITFx) - (ITFx)}.
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H(dive dive, Se N Tr)—CONFORMING ELEMENTS: DOFs

go(d), V0 <|al] <5, Ve V(F). supersmoothness

/tren(a)q, Vg € Py_12(&;R), Ve e E(F).
e
/trez(o)q, Vg € Py_11(&;R), Ve e E(F).
e
[dvediveaq, vac PEL(FRIAP] (F R
F

/a  defr curle(b2q), Vg e P&, (FiR)|F.
F
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H(rotg, Sg N TF)—CONFORMING ELEMENTS: DOFs

%0(5)7

[ra
e
/rot,:a-q,
e
[7a
F

V0 < |a] <4, VO € V(F).

Vq € Pk—10(€;SFNTg), Ve e E(F).

Vq € Py_o(e; ITFR®), Ve c &(F).

Vg € POOL(F:SENTE)|F.
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TRACES OF TRACES

Recall that we are constructing the face modes of 3D elements. To get back to 3D, we need
edge trace of face traces.

Leto € By (K;SNT)and ol =0, Ve € &(K). Then on edge e C F,

tre (tra(o)) = —te - (symcurl o) - te,
treo (tra(o)) = nee - (204, (symeurla) - te — V (te - (symeurl o) - to)),
tre-tra(o) tre =n- (20, (symcurlo) - te — V (te - (symeurl o) - to)),

1
Nee-tr3(o) tre=—te-V x (symcurlo) - te — Ea,e(te -div o).

Edge DoFs of H(cot) ensures traces of traces are single-valued.
Further, reformulate edge traces to be independent of the face containing the edge.
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t
DoFs oF X%,

/n-cotta-nq,
F

/tl’g(O’) - defr curlg(b2q),
F

/F tr3(0) - @,
|o:a

Y0 < |a <6, Vo€ V(K).

Vg € Pk—14(e;SNT), Vece &(K).
Vg € Pxk—13(e;R), Ve € E(K).
Vg € Pk_12(e;R), Ve € E(K).
Vg € Pxk—12(e;R), Ve € E(K).
Vq € Pc—11(e;SNT), Vece&(K).

vg e PYL(FiSENTE), VF € F(K).

vq € PLs(FiR) N P (FiR)Y,  VF € 5(K).

Vg e PO (F;R), VF € F(K).
vg € POy (FiSENTE), VF € F(K).

vg € BPO)(k;s ).



DOFs oF Uk+1,h

0<lal <7, VieV(K). supersmoothness

Vq S Pk,15(e; ]R3), Ve € E(K)
Vq € Pi_14(e;R®), Veec &(K).  supersmoothness
vq € PO (FiR®), VF € F(K).

vg € PV (K RY).

C dev def tt i di
CK —— Upprp =5 DO =25 2V, ) -5 Vign —— 0.
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SUMMARY AND OUTLOOK

Summary

C dev def tt cott
CK —— Uky1n —— Z‘f(?h

s I Vigp — 0.
A finite element subcomplex of

CK —S— H'(2;R3) 29 Hicott, 2;SNT) -2 H(div, 2;SNT) —2 [2(2;R%) —— 0,
For k > 14: conformity, unisolvence, exactness (on contractible domains).

Questions: Cohomology? Tensor product construction? A more canonical discretization incorporating
discrete conformal geometric structure?

distributions, Dirac measures

\ tributional de Rh
- Braces Sehiber] 2008
currents
5 V R Neat pattern of distributional
N Hu-Lin-Zhang 2025 L.
ﬁ% A ;A finite elements for symmet-

ric OR trace-free tensors (and
‘g”’?%( oo BGG complexes), not SN T.

metric, curvature

Lagrange X3 egge
A02 A2 A>2
V dovgrad V symeu, V Gy ‘ lan, Herrmann, Johnson
A A L Zhman 2025 KH, Lin 2025, Finite element form-

valued forms: Construction

34
Nédélec, Raviart-Thomas

1980, 1977
Whitney forms 1957
Bossavit, Hiptmair

Arnold-Falk-Winther

finite elements, p.w. polynomials
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