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FENG KANG’S PRINCIPLE

“A fundamental principle in the study of
computational methods is that
the essential characteristics of the original problem
should be preserved as much as possible after

. . . ”
discretization.
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FLUID AND PLASMA SYSTEMS

Various conserved quantities:

energy,

mass divu = 0 (for incompressible flows),
charge divj = p,

helicity [ A - B dx,

enstrophy [ | curl u|? dx,

vVvVvYyVvyYyvyy

A structure-preserving faith:  preserve them as much as possible.
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FLUID AND PLASMA SYSTEMS

Various conserved quantities:

> energy,

» mass divu = 0 (for incompressible flows),
» charge divj = p,

» helicity [ A - Bdx,

» enstrophy [ | curl u|? dx,

> .

A structure-preserving faith:  preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk:  long term dynamics and computation of fluids and plasma

» relaxation : Does plasma system evolve to a stationary state?
corona heating, MHD equilibrium (stellarator, tokamak) etc.

» dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.
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FLUID AND PLASMA SYSTEMS

Various conserved quantities:

> energy,

» mass divu = 0 (for incompressible flows),
» charge divj = p,

» helicity [ A - Bdx,

» enstrophy [ | curl u|? dx,

> .

A structure-preserving faith:  preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk:  long term dynamics and computation of fluids and plasma

» relaxation : Does plasma system evolve to a stationary state?
corona heating, MHD equilibrium (stellarator, tokamak) etc.

» dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.

and limits of preserving invariants for fluids?
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MOTIVATION: STRUCTURE-PRESERVING DISCRETISATION

Fundamental question in plasma physics: given initial data, what does the system evolve to?
heating of solar corona, plasma equilibria (magnetic configurations) etc.

Magneto-friction (simplified MHD) :

B —V x (ux B)=0,

=V xB,
u=rT1jx B.
Energy decay Helicity conservation
L9 g B P S 9n=0, with 5= [ABdx, B=VxA
2 dt -7 S dte™ ™" 7 me ’ - :

Energy, Helicity, Normalmg, and divB with Respect to Time Energy, Helicity, Normaimg, and divB with Respect to Time

— Energy

— Helicity
=== 1[B-ni|
vB

500
Time Time

Figure. Helicity-preserving scheme Figure. CG scheme (non-preserving)

» Topology-preserving discretization for the magneto-frictional equations arising in the Parker
conjecture, M. He, P. E. Farrell, KH, B. Andrews, SISC (2025).
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IDEAL MAGNETIC RELAXATION
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Parker hypothesis (Still Open)

Eugene Parker

For “almost any initial data”, the magnetic field develops tangential discontinuities (current sheet)
during the relaxation to static equilibrium.
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IDEAL MAGNETIC RELAXATION
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Parker hypothesis (Still Open)

Eugene Parker

For “almost any initial data”, the magnetic field develops tangential discontinuities (current sheet)
during the relaxation to static equilibrium.

How confident are we in what we compute?
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OUTLINE

1 Relaxation . . . . . . . e e e e e e e e e e e e e e e e e e e e e e e e e e e



RELAXATION
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Magnetohydrodynamics (MHD): macroscopic description of plasma, an incompressible model

O —ux (Vxu)—R1TAu—sj x B4+VP = f momentum equation,
j—VxB = 0 Ampere's law,
0:B+V x E = 0 Faraday's law,
R-1j—(E4+uxB) = 0 Ohm’s law,
V-B = 0 Gauss law,
V-u =0

initial conditions u(x,0) = up(x), B(x,0) = Bo(x),
boundary conditionson 9§2: u=0, B-n=0, Exn=0.

Three nonlinear terms:

fluid advection —u x (V x u) (in the vorticity form)
Lorentz force —sj x B

magnetic advection —V x (u x B)

For relaxation, we are interested in zero magnetic diffusion, nonzero fluid diffusion (R, = 0o, Re < 00).



ENERGY STRUCTURES OF MHD

Energy dissipation or conservation:

Sd _ —1;
lulls + 5 2 I1BIG + R Vullg + SR lI§ = (F, w),

1d
2dt
and hence
2 2 -1 T 2 -1 T HIYA
Jmax(lul3+SIBIE) + R [ Val3ar + 258, [ il ar

)
< luoll+ SIBol+ Re [ 1FI2ar.

With f =0, R1 = 0, total energy is non-increasing. However, some key information is not clear:

» whether the total energy decays to zero?
» how does total energy split into the fluid part (||u|[?) + magnetic part (S| B|?)?
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HELICITY: FINE STRUCTURES

Magnetic helicity: for any potential A satisfying V x A = B,
Hm = [, A Bdx
Idea started from Helmholtz & Kelvin. MHD: Woltjer's invariant, ideal fluid: Moffatt (giving the name).

Figure: linking/knottedness of B.
He =20(Cr, )Qr1- Q2. ¢ = 1: Gauss linking number, Q;: flux

Helicity = averaging asymptotic linking number (V.I. Arnold)

Cross helicity:
He = [ou-Bdx

linking of vorticity and magnetic fields

35



A TOPOLOGICAL MECHANISM

Arnold inequality (V.I. Arnold 1974): helicity provides lower bound for energy

'/A-de

Proof. Cauchy-Schwarz |fA - Bdx| < ||A||;2]|B||;2 + Poincaré inequality ||A||,2 < C||V X A]| 2.

gc/mﬁw

Vladimir I. Arnold

Differential form point of view: A: 1-form, B: 2-form

{ [AAB

<C { / BAxB

‘ Helicity, Topology ‘ ‘ Energy, Geometry ‘

el L
e

FTETEN i/ Ut/
Ry \ \H
T

knots are topological barriers that prevent energy
from dissipation

&0 =+
Ly
sl

N

2=0
Fig: Pontin, Hornig, Living Rev. Sol. Phys. 2020.



MAGNETIC HELICITY CONSERVATION

Conservative for ideal MHD (R;! = R,,! = 0):

d d
E/ABdX—O, a/quX—O

Proof. Magnetic field advection: B; =V X (u x B).
Then

jt/A.de:z/A.vX(uxB)dx
IB:P2/(V><A)-(U><B)dx:2/u-(B><B)dx:O.
(IBP: integral by parts with vanishing boundary conditions.)

Remark. Proof holds for any u. Magnetic helicity remains conserved even when R +# 0.

Consequence: topological constraint

In the ideal limit R, = oo (finite Re), energy may decay but has a lower bound determined by
magnetic helicity. Thus topologically nontrivial initial data cannot relax to a trivial field.
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MAGNETIC HELICITY CONSERVATION

Conservative for ideal MHD (R;! = R,,! = 0):

d d
E/ABdX—O, a/quX—O

Proof. Magnetic field advection: B; =V X (u x B).
Then

d
I/A.Bc/x:2/A.V><(u><B)dx
IB:P2/(V><A)-(U><B)dx:2/u-(B><B)dx:O.
(IBP: integral by parts with vanishing boundary conditions.)

Remark. Proof holds for any u. Magnetic helicity remains conserved even when R +# 0.

Consequence: topological constraint

In the ideal limit R, = oo (finite Re), energy may decay but has a lower bound determined by
magnetic helicity. Thus topologically nontrivial initial data cannot relax to a trivial field.

Topological mechanism may be lost due to discretization errors, leading to wrong solutions!
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STRUCTURE-PRESERVING MHD: LITERATURE

Existing numerical methods for magnetic relaxation: Lagrange method, issues with mesh deformation

»  Mimetic methods for Lagrangian relaxation of magnetic fields, S.Candelaresi, D.Pontin, G.Hornig, SIAM Journal on
Scientific Computing (2014).

Structure-preserving discretization for MHD:
> energy conservation: e.g., Armero,Simo 1996 etc.
> V-B=0: e.g., Brackbill, Barnes 1980, Hu,Ma,Xu 2017, Hiptmair,Mao,Zheng 2018
» charge conservation: Li,Ni,Zheng 2019

> helicity conservation: less attention, Liu,Wang 2004 (axisymmetric MHD flow, finite difference
methods); Kraus,Maj 2017 (DEC, variational integrator), Sullivan 2018 (‘Lattice hydrodynamics').

Helicity-preserving finite element for NS:
Rebholz 2007; Zhang, Palha, Gerritsma, Rebholz 2022 (dual field approach).

Helicity-preserving finite element for MHD:
KH, Lee, Xu 2021; Gawlik, Gay-Balmaz 2022; Laakmann, KH, Farrell 2023 (Hall MHD), Zhang, Palha,
Brugnoli, Toshniwal, Gerritsma 2024.

The numerics below are based on the projection approach (Rebholz 2007, KH, Lee, Xu 2021).

10/35



WHY COMPLEXES MATTER?

Example: Gauss law in Maxwell equations.

fg‘?JrvXE_o —  9(V-B)=0.

Typical Galerkin formulation: Find E, € Yy, By € Z, such that

/atBh-Cth—F/(VXEh)-cthZO, VCh € Zp.

This implies 0;:Bp +P(V x Ep) =0 = 0:(V-By) = —V-P(V x Ej) #0, (discretization errors)
P:V x Y, — Zy: L%projection

P=1 iff VxVY,CZ.

Relations such as V x Y}, C Z, are precisely the structure of differential complexes (homological algebra).

}
Yh Zy

[ Finite elements forming a complex preserve Gauss-type constraints.

11/35



CANONICAL FINITE ELEMENTS FOR THE DE RHAM COMPLEX

Periodic Table of the Finite Elements
S = == =]

e o

Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

\ 2l
Franco Brezzi

Jean-Claude Nédélec

Pierre-Arnaud Raviart Donatella Marini
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L BRI AR b, ER IR T RERICTER TE A MM 4 W%k
SOEEY., ERHTR—IHL. A 5IEIEEMAA G M SR FEMTIETE &
HMAANE ERHETEAOEE. BRASHRENBA HESHR ZHR A,

5 18— 3 A 3 A (6 18 R T RO I BB

1) BEFHT LR DT AR MIE MRS, G. Fichera M{EZETEH, ET AR
PR e SR e FRT AR S R S Fh 2 Sk, (SR THER AR MARMERY  Sobolev ZX[A]
IR K.

2) AAWIE L Sobolev ZS[AIEIEHI KR,

3) RitBRBAEE A ST LABA Laplace JFTRRIRMRER MO AT BB,

4) S5ALSWE LNHEFEEEANTS TR,

5) AEWIE EAgELE T R,

6) de Rham-Hodge JHFIF BN THE RIS,

Elliptic equations on composite manifold and composite elastic structures, Feng Kang, Mathematica
Numerica Sinica 1979

Some applications of mixed dimensional manifolds:
P brain's water scales
M. E. Rognes (2022). Waterscales: Mathematical and
computational foundations for modelling cerebral fluid flow.
European Mathematical Society Magazine, (126), 13-26.

E_MS Magazine

» combinatorial structures, contact mechanics, porous media...
W. M. Boon, J. M. Nordbotten, J. E. Vatne (2021). Functional
analysis and exterior calculus on mixed-dimensional geometries.
Annali di Matematica Pura ed Applicata, 200(2), 757-789.

Cech-de Rham double complex (Holmen,Nordbotten,Vatne 2024) 13/35

Figure: M. E. Rognes (2022), EMS Magazine



STRUCTURE-PRESERVING DISCRETIZATION FOR MHD

Core idea

Use finite element spaces from an exact de Rham complex

Discrete variables Why the projection is mandatory
> E, € Hi(curl), By € Hi(div) = VB =0 exactly Continuous identity:
Complex: curl Hf(curl) C H{(div)
> uy € Hf(curl) /(“XB)'BZO

P> Project nonlinear terms into the right space: ] ] o ]
Naive discretization fails:

curl i ici
hi= By, reserves magnetic helicit cur
Qh (p g y) /(UXBh)'Qh lBh#O

wp = Q" (V x uy) (preserves cross helicity)
With projection H, = Q5" By,:

0_»' gl%d& curl & rhV& — 0 /(u X Hh) . Hh = 0 \/

En, un Hy By,

+ Any quadratic-invariant-preserving time integrator (implicit midpoint, etc.)

14 /35



NUMERICAL SCHEME (MAGNETO-FRICTION)

Apply the same idea of choosing finite elements in a de Rham complex and adding projections :

Find (B, E, H,j,u) € H'(div) x H"(curl) x H"(curl) x H"(curl) x H"(div), such that for any

(B,E,H,j, 1) in the same space,

Energy law
1d
2 dt
Helicity conservation

d
— | A-B=0.
il

1B = —[|Q(H x j)]>.

B +V x E=0,
E=-P(ux H),
u=T1Q( x H),
J=VpxB,

H = PB.

15/35



NUMERICAL TEST: HOPF FIBRATION

By = 4va 5 (2y(y — x2), =2(x + yz), (-1 + x4+ y? —2%)

(14 r?)

Every single field line of this field is a perfect circle, and every single field line is linked with every other one.

c.f. Smiet, C.B., Candelaresi, S. and Bouwmeester, D., 2017. Ideal relaxation of the Hopf fibration. Physics of Plasmas, 24(7).

Energy, Helicity, Normalmg, and divB with Respect to Time Energy, Helicity, Normalmg, and divB with Respect to Time
— Energy — Energy
175 — Helicity —— Helicity
=== [|B-nll 10 === |IB-n||
e VB v-B

0 200 400 600 800 1000 0 200 400 600 800 1000
Time Time

Figure. Helicity-preserving scheme Figure. CG scheme (non-preserving)

7=10, dt =1 and T = 1000.
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“E3” f L. ) . . . . .
Helicity-preserving algorithms crucial even for nontrivial topology with zero

helicity (twists, but no knots).

braiding, corona loops
Figure: Heating of braided coronal loops, Pontin, Wilmot-Smith, Hornig, Yeates

5 o 115

Y 1e &
z i) 1.05

1.2 —9.9e-01

S S

Left: helicity-preserving algorithm Right: preserving integrated [ A - B dx by Lagrange multiplier.

RecoverdMagneticField Magnitude

preserving global [ A - B dx not enough! local structures matter.
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Furr MHD (KH, LEg, XU 2021)

Find (u,w,j, E, H, B, p) € [Hf(curl, 2)]° x Hi(div, £2) x Hi(grad) such that

(Diu,v) — (u x w,v) 4+ (Vp,v) =S x H,v) = (f,v), (1a)
(w,) = (VX ) = 0, (1b)

(u,Vq) = o, (10)

(D:B,C)+ (VX E,C) = 0, (1d)

(U,k)—(B,V xk) = 0, (le)

(E+uxH,G) = 0, (1f)

(B,F)— (H,F) = 0, (1g)

where Dyu = (1" — u®)/At, D:B = (B"" — B°?) /At and other variables are average of new and old
values (time stepping: implicit mid-point).

E = —Qp'(uxH),

w = QU(V x u)
j = VyxB, H=Q%'B.

19/35



CONVERGENCE

Algorithms converge well for smooth true solutions.

Theorem 1 (L. Beirdao da Veiga, KH, L. Mascotto 2024)

Consider sequences {Tp,} of shape-regular, quasi-uniform meshes. Let the true solution be sufficiently
smooth. Then, there exists a positive constant C independent of h such that, for all t in (0, T],

t t
leh(t)]” + I\EE(t)II2+/O ||Cur|<'~3L‘(5)\|2ds+/0 Iel(s)II* ds < C(I| eh(0)[1* + [| eF (0| + n*U+D).

The constant C includes regularity terms of the numerical solution, the shape-regularity parameter of the
mesh, and the polynomial degree k.
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CONVERGENCE

Algorithms converge well for smooth true solutions.

Theorem 1 (L. Beirdao da Veiga, KH, L. Mascotto 2024)

Consider sequences {Tp,} of shape-regular, quasi-uniform meshes. Let the true solution be sufficiently
smooth. Then, there exists a positive constant C independent of h such that, for all t in (0, T],

t t
leh(t)]” + Her'?(t)ll2+/0 ||cur|<'~3h'(5)\|2ds+/0 Iel(s)II* ds < C(I| eh(0)[1* + [| eF (0| + n*U+D).

The constant C includes regularity terms of the numerical solution, the shape-regularity parameter of the
mesh, and the polynomial degree k.

Further question

What if the true solution is nonsmooth?

Onsager's conjecture; energy/helicity conservation may fail. But most FE preserves energy by definition.
O(1) error!

invariants-preservation for fluids has a limit!

20/35



LIMIT OF STRUCTURE-PRESERVATION

111 NUINIETICAL SITUIAUONS. WE Cdll LIS 41l INUITECL dPProdc, SICE 1L XPLOILS Le CONNecuon
between singular behaviour and anomalous energy dissipation according to Onsager’s
conjecture. A decisive point is that this technique requires suitable discretisation schemes
that remain robust in the presence of singularities and provide mechanisms of dissipation
in case no viscous dissipation is present, which is a challenge in itself. Then, the idea is that
observing energy-dissipating behaviour for a sequence of mesh refinement levels provides
insight into the physical dissipation behaviour of the problem under investigation.
— Fehn, N., Kronbichler, M., Munch, P., & Wall, W. A. (2022). Numerical evidence of anomalous energy dissipation in
incompressible Euler flows: towards grid-converged results for the inviscid Taylor—Green problem. Journal of Fluid Mechanics,

932, A40.

(a) 0.150 :
—Re=100
0.125 —Re =200
—Re =400
Motivation: detecting NS singularity 0.100 | :gz:?ggo
» direct approach: blow-up of u, w etc. (e.g., E(f) 0.075 | :ﬁziiff"’
Hou-Luo 2014)
o L. 0.050 1
» indirect approach: energy dissipation for
inviscid flows 0.025¢
Enforcing energy conservation has to be wrong. 0 5 10 15 20

t

Figure 1. Temporal evolution of kinetic energy

high-order projection methods + high-order DG
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TowAaRDS Computational Topological Hydrodynamics

A subject back to Kelvin, Helmholtz, and more recently by Arnold, Khesin, Moffatt, Sullivan...
limited applications due to lack of topology-preserving algorithms

i . Amold.
Khesin

Topological
Methods in
Hydrodynamics

Lord Kelvin  von Helmholtz Vladimir Arnold Boris Khesin Keith Moffatt Dennis Sullivan

Direct computational assessment of Parker’s hypothesis brings a number of challenges. Foremost among these is
the requirement to precisely maintain the magnetic topology during the simulated evolution, i.e., precisely
maintain the magnetic field line mapping between the two line-tied boundaries. ... In the following sections, two
methods are described which seek to mitigate against these difficulties. However, in all cases the representation
of current singularities remains problematic. . .

— The Parker problem: existence of smooth force-free fields and coronal heating, Pontin, Hornig, Living Rev. Sol. Phys. 2020.

22/35
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TowAaRDS Computational Topological Hydrodynamics

Dynamo theory, another example:

mechanism of generation of magnetic fields in astrophysical objects
(e.g., change of magnetic fields of stars and planets)

Fast dynamo: in MHD, exponential growth of magnetic field B
First eigenvalue of magnetic advection-diffusion (given u)

~Vx(uxB)— R’V xVxB=)\B.

Applied Mathematical Sciences

Vladimir|. Amold
Boris A. Khesin

Topological
Methods in
Hydrodynamics

&) Springer

Does there exist a divergence-free field u on a manifold that is a fast kinematic dynamo?

23/35



DYNAMO

V.I.Arnold, E.l.Korkina 1983 computation: ‘Galerkin methods’, magnetic Reynolds number R, < 19.

Are there spurious solutions like in Maxwell equations?

24/35



DYNAMO

V.l.Arnold, E.I.Korkina 1983 computation: ‘Galerkin methods’, magnetic Reynolds number R, < 19.

Are there spurious solutions like in Maxwell equations?

. It is still unknown whether this field (ABC flow) is a fast kinematic dynamo,
e.g., whether an exponentially growing mode of B survives as R, — oco.

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for
matrices of the order of many million, even for reasonable Reynolds numbers (of the
order of hundreds). The physically meaningful magnetic Reynolds numbers R, are
of order of magnitude 108. The corresponding matrices are (and will remain)
beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.I.Arnold, B.A.Khesin 2021.

Appled Mathematical Sciences

Vladimir|. Amold
Boris A. Khesin

Topological
Methods in
Hydrodynamics

€\ Springer
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DYNAMO

V.l.Arnold, E.I.Korkina 1983 computation: ‘Galerkin methods’, magnetic Reynolds number R, < 19.

Are there spurious solutions like in Maxwell equations?

. It is still unknown whether this field (ABC flow) is a fast kinematic dynamo,
e.g., whether an exponentially growing mode of B survives as R, — oco.

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for
matrices of the order of many million, even for reasonable Reynolds numbers (of the
order of hundreds). The physically meaningful magnetic Reynolds numbers R, are
of order of magnitude 108. The corresponding matrices are (and will remain)
beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.I.Arnold, B.A.Khesin 2021.

Is this true?

Appled Mathematical Sciences

Vladimir|. Amold
Boris A. Khesin

Topological
Methods in
Hydrodynamics

€\ Springer

24 /35



Lie Derivative

MHD vIA DIFFERENTIAL FORMS

-V x (u x B)

~R,'VxV xB=)\B

Lie derivative

advection

» Diffusion:

» Lie Derivative: For vector field u on manifold M. For a k-form w,

Hodge Laplacian

diffusion

Hodge Laplacian .

Lyw = lim

Aygy, :=dd +0d  (diffusion)

*
Prw —w

=

7—0 T T
. b-u(Toblp) [Tosip)
where flow @(t, x) satisfies 0;@ = u(P, t), ¢(0,x) = x. o i

P

» Cartan's Magic Formula: For vector field 5:

where ig T L

L,w
—~—
Lie derivative
advection

L = d*Yif + if 1 d"

‘ Fisherman derivative ":

the flow
AK=1 is contraction.
0 c2(0) 2 2R3 &P (2R3 2 c>2(2) «— 0.
+ \A_w Numerical application: (semi-)Lagrange methods for MHD

Hodge Laplacian
diffusion

Heumann,Hiptmair,Xu 2009

sitting on boat, differentiating along

25/35



ADVECTION-DIFFUSION OF DIFFERENTIAL FORMS: IN COORDINATES

Lgw + Apyw =f.

rad url div
0 —— C(0) LT C (&R o CH(DR) o C(2) == 0.
—div cur — gra

0 () + 2 (R L co(R3) 2 cx(0) 0.

26 /35



ADVECTION-DIFFUSION OF DIFFERENTIAL FORMS: IN COORDINATES

Lgw + Apyw =f.

rad
0 — C(0) % Co(2;R3) C(2; R3) C(02) 0
0 Q) 2 (2R3 C>(£2;R3) C>(02) 0
(d<tik  + T w + (M, + didMw = f
B-Vw — divgradw = f

scalar advection-diffusion.

26 /35



ADVECTION-DIFFUSION OF DIFFERENTIAL FORMS: IN COORDINATES

Lgw + Apyw =f.

rad ur
0 C(Q) % C>(2: R3) Ci: C(2;R3) C(0) 0
—div cur
0 () L co(2;R3) P ¢ (2 R3) C>(02) 0
(d<ts  + ikt w + (@, + didw = f
grad(8-A) — B x(curlA) + (—graddiv. + curlcur)A = f

advection-diffusion of magnetic potential.

26 /35



ADVECTION-DIFFUSION OF DIFFERENTIAL FORMS: IN COORDINATES

0 C=(02)
0 Cc=(02)
(d* tig +

—curl(Bx B) +
If imposing div B = 0:

magnetic advection-diffusion.

Lgw + Apyw =f.

url div
CR(Q2R3) o C(2R3) —= C®(0)
—grad

curl

Co(2R3) L coo( R3) 22 coo(02)

igTtdw  + (d M, + didM)w
grad div)B

(divB)B + (curl curl —

—curl(8 x B) +curlcurl B = f.

26 /35



ADVECTION-DIFFUSION OF DIFFERENTIAL FORMS: IN COORDINATES

0 (1)

0 C(02)

@+

div(upB)

Lgw + Apyw =f.

div

C>®(£2;R3) CRO(R3) —= C(0) —=0
—grad
Co(2; R3) Co(2R3) +22 o) «—— 0
igTtdw  + (d* i, 4+ did)w = f

— divgradu = f

Fokker-Planck type equation (transport of density)
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CONVERGENCE OF ADVECTION-DIFFUSION EIGENVALUE PROBLEMS

Find B € H(curl), A € C:
R-Y(VxB,VxC)—(uxB,VxC)=\B,C), VC e H(curl)

Bramble-Osborn Theory: Under assumptions

» Solution operator T : X — X is compact
T :f— Bsolves R, (Vx B,V xC)—(ux B,V xC)=(f,C).

» T, : Xy — Xpis compact and finite rank

|T — Th|| = 0 = convergence

James Bramble John Osborn

Application to MHD: Boils down to regularity of T: Vg := T(L2) << H(curl)
Theorem [KH, Liang, Zerbinati]: For given smooth u, Vi << H(curl) = eigenvalue convergence

Rayleigh quotient (min-max) fails due to non-self-adjoint advection, losing information (e.g., convergence
of individual eigenvalues with multiplicity)
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WITTEN TRANSFORM: WHEN WIND IS POTENTIAL (GRADIENT)

cei s gk D gk D gkl D

lee(x) J(eﬂ(x) J(ee(x)

d, d,
e pk1 % o

d
Ak O, pAk+L 20, .

Diagram commutes:

O d(e ?@w) = V0 A w + dw.

gauge transform. Compare to covariant derivatives Vw = 0w + [ - w.

e

5 Edward Witten

e Akl 0 gk 0 pkL 0
JQG(X) leB(X) lee(X) Supersymmetry and Morse theory,
) ) ) Witten (1982) J. Diff. Geo.
) Ak—1 Y 6 pgk+1 o . ( )

Witten deformation

dpu = e 00 5e0(x) , — Ly (dpy: U+ Ou. Witten complex
Witten Laplacian

dorg + 0+9d = Ap + Lye

Hodge Laplacian on transformed coordinates = advection-diffusion

Numerical applications: stablizing numerical oscillation Brezzi,Marini,Pietra 1989 : exponential fitting,
scalar problem; Wu,Xu 2018 : forms in 3D; Christiansen,Halvorsen,Sgrensen 2014 : Petrov Galerkin

28 /35



Consequence 1: for potential (gradient) winds, eigenvalues are real.

Eigenvalues of 2D Kikuchi Advection Problem

100 1, Re=1.0e+01

u1, Re=1.0e+00

75 A uy, Re=1.0e-01

A ), Re=1.0e+01

50 1 A uy, Re=1.0e+00

A up, Re=1.0e-01

> 25
ry' v 3 Ak [V '\ } A A AA AA

YY
[
Imaginary part
S
L

—25 1

—50 -

—75 4

—100 1

A

T
0 20 40 60
Real part

80

Figure. Eigenvalues for the toroidal surface with wind u;

(non-gradient) and uy (gradient).

up = (1,1), up = (2cos(2x)sin(2y), 2sin(2x) cos(2y))

Consequence 2: improved estimates (essentially self-adjoint)
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(GENERALIZING HODGE THEORY

Theorem 2 (V. I. Arnold)

The number of linearly independent stationary k-forms is not less than the k-th betti number of the
manifold M.

Theorem 3 (V. I. Arnold)

If the diffusion coefficient R.* is sufficiently large, then the number of linearly independent stationary
k-forms is equal to the k-th betti number of the manifold M.

bo=1,by =1,by =0.uy = (1,1)

Test 1 C : : j Rm | 100 |10 |1]0.1

dim(XAo) | 1 | 1 |1] 1

) <\ ¥ b0:17b1:27b2:1~
1 / C ; uz = (2cos(2x)sin(2y), 2sin(2x) cos(2y))

Test 2
@ @ Rm |100]10 101

dim(Xo) | 2 | 2 |2] 2




BACK TO THE VERY FIRST ASSUMPTION...

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for matrices of the
order of many million, even for reasonable Reynolds numbers (of the order of hundreds). The physically
meaningful magnetic Reynolds numbers R, are of order of magnitude 108. The corresponding matrices
are (and will remain) beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.l.Arnold, B.A.Khesin 2021.
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BACK TO THE VERY FIRST ASSUMPTION...

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for matrices of the
order of many million, even for reasonable Reynolds numbers (of the order of hundreds). The physically
meaningful magnetic Reynolds numbers R,, are of order of magnitude 108. The corresponding matrices
are (and will remain) beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.l.Arnold, B.A.Khesin 2021.

Eigenvalue analysis is often misleading for telling (in)stability for
non-normal operators (AA* # A*A).

LLOYD N. TREFETHEN
MARK EMBREE

slope determined by o(A): SPECTRA

spectral abscissa a(A)

transient approximately determined by o¢(A):

A pseudospectral abscissae ae(A)
log|le**]

AND

slope determined by W (A):
numerical abscissa w(A)

PSEUDOSPECTRA

0 t

Figure 14.1: Initial, transient, and asymptotic behavior of ||e** || for a nonnormal

The Behavior of Nonnormal
matrix or operator A.

Matrices and Operators
In transient (better described by pseudo-spectra), nonlinear ef-
fects become dominating, Asymptotics described by eigenvalues
never reached .
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STRUCTURE-PRESERVING FE ALSO COMPUTES PSEUDO-SPECTRA

o (A)={zeC:|(z- A7 >t}
0e(A) ={z € C: smin(z— A) < €}

Smin: mMinimal singular value

Theorem 4 (Zerbinati)

Finite element for pseudo-spectra converges.

Dynamo Pseudo-Spectra Re=3.0e+00, U Dynamo Pseudo-Spectra Re=3.0e+00, u; Dynamo Pseudo-Spectra Re=3.0e+00, u;

up = 0 Hodge Laplacian

u; = (1,1) non potential

uy = (2cos(2x)sin(2y), 2sin(2x) cos(2y)) potential

Umberto Zerbinati,
Mini-course
Edinburgh 2025
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LAGRANGE ELEMENTS LEAD TO SPURIOUS MODES AGAIN

Lagrange elements for Maxwell lead to spurious eigenmodes. Same for Lagrange elements for MHD
(Maxwell+advection).

Dynamo Pseudo-Spectra Re=1.0e+00, uq, Kikuchi Dynamo Pseudo-Spectra Re=1.0e+00, u,, Kikuchi
1200 s
12.0 R ——
6.00
10.5 10
5.25
9.0
5 4.50
7.5
3.75
6.0 £
3.00
45 5 2.25
3.0 150
-10 1
15 : 0.75
: : , . ; 0.0 0.00
4 6 8 10 12 14 16 25 50 75 150 175

up =0  Hodge Laplacian
uy = (2cos(2x)sin(2y), 2sin(2x) cos(2y)) potential

x: from nodal elements  o: Nédélec (FEEC)
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BACK TO ARNOLD&KORKINA 1983 COMPUTATION

Arnold, V. I, & Korkina, E. I. (1983). The growth of a magnetic field in the three-dimensional steady flow
of an incompressible fluid. Moskovskii Universitet Vestnik Seriia Matematika Mekhanika, 43-46.

Fourier basis e'¥® — ei(kixi+++knxa)

eik~w eik-w
0 RLE grad elkx curl elkx div RLE 0.
eik~w eik-w

“good” complex. Ongoing work with Andrea Bressan, Yuechen Zhu.

Compared to finite element exterior calculus, less attention paid to spectral basis and spectral methods.
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SUMMARY

An exciting start. ..

FEEC for computational topological hydrodynamics

Long term computation of fluids/plasma

Long-term computation: finite-dim vs infinite-dim

Finite-dim Hamiltonian systems Fluids / plasmas (infinite-dim)

Volume-preserving phase space infinite dim. Lie group
Structures symplectic form w topology (helicity), geometry (energy, enstrophy)
How many invariants preserve? as many Casimirs as possible has a limit (Onsager conjecture, singularities)
Stability KAM (Feng, Shang 1980s) dynamo (instability)
Decay/Growth "rigid’ decay (relaxation), growth (dynamo)
Discretization geometric integrators geometric integrators + de Rham complex

Further questions

» Long-term evolution and rough solutions. » Turbulence: LES, DNS.

» Fast solvers and preconditioners. » Flows on manifolds, relativistic fluids.

» Nonlinear eigenvalue problems, pseudo-spectra. » (Pseudo)spectra beyond compactness.

» (Semi-)Lagrange methods. > ...
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COLLABORATORS: ALGORITHMS & ANALYSIS

i . &

. L
Jinchao Xu  Yicong Ma Xiaozhe Hu  Young-Ju Patrick Fabian Bo.urﬂen(c:io Lorenzo
eirdo da
Penn State,  Barclays Tufts Lee Farrell Laakman Vei Mascotto
eiga
KAUST Texas Oxford ASML ' Milano
Milano

» Stable finite element methods preserving V - B = 0 exactly for MHD models, K. Hu, Y. Ma, J. Xu; Numerische
Mathematik, 135(2), 371-396 (2017). divergence-free preservation

» Robust preconditioners for incompressible MHD models, Y. Ma, K. Hu, X. Hu, J. Xu; Journal of Computational
Physics, 316, 721-746 (2016). preconditioning

» Helicity-conservative finite element discretization for incompressible MHD systems, K. Hu, Y.-J. Lee, J. Xu;
Journal of Computational Physics (2021). helicity preservation

» Structure-preserving and helicity-conserving finite element approximations and preconditioning for the Hall
MHD equations, F. Laakmann, K. Hu, P. E. Farrell; Journal of Computational Physics (2023). Hall MHD

» Finite element exterior calculus for multiphysics problems, K. Hu; Peking University (2017) PhD thesis



Collaborators: Relaxation

o~ )
g™

» Topology-preserving discretization for the
magneto-frictional equations arising in the Parker

.
“ B o o conjecture, M. He, P. E. Farrell, K. Hu, B. D.
Mingdong Patrick Boris Andrews; SISC (2025)
He Farrell Andrews
Oxford Oxford Oxford

Collaborators: Dynamo

:mr

i Stefano Umbert Jindong Wang » Pseudospectra of advection-diffusion of

Daniele BOfF'Y|zhou Liang KAUST, differential forms, D. Boffi, K. Hu, U.

KAUST Oxford Zampini Zerbinati incoming Zerbinati; in preparation

KAUST Oxford

» FEEC for dynamo, D. Boffi, K. Hu, Y.
Liang, S. Zampini, U. Zerbinati; in
preparation

f

Newton Fellow
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APPENDIX: NONTRIVIAL COHOMOLOGY & GENERALIZED HELICITY

Additional difficulty (torus topology):
— nontrivial cohomology = harmonic field By = (0,0, 1)

7~

\/;\,-\/\\j/—-...
VY

/

k/ VxBy=0, V-By=0, satisfies BCs
)

A

A
\\‘ » Classical helicity not well-defined
( » Harmonic part By is time-invariant (9;B € R(curl)) but

>ﬁ interferes with exact part

Generalized helicity (gauge-dependent but conserved):

B=Br+ By, Bgr=-curlA

~ d -~
H::/A-(BR+2BH):/A-(B+BH) — Zfi=0
Generalized Arnold inequality:

A1 < C(IBrI* + 4]B2 + 2By|?)

Our algorithm: exactly preserves the discrete analogue of the
above.
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