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Feng Kang’s Principle

“A fundamental principle in the study of
computational methods is that

the essential characteristics of the original problem
should be preserved as much as possible after

discretization.”

Feng Kang
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Fluid and plasma systems

Various conserved quantities:

▶ energy,
▶ mass div u = 0 (for incompressible flows),
▶ charge div j = ρ,
▶ helicity

∫
A · B dx ,

▶ enstrophy
∫

| curl u|2 dx ,
▶ · · ·

A structure-preserving faith: preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk: long term dynamics and computation of fluids and plasma
▶ relaxation : Does plasma system evolve to a stationary state?

corona heating, MHD equilibrium (stellarator, tokamak) etc.

▶ dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.

and limits of preserving invariants for fluids?

2 / 35



Fluid and plasma systems

Various conserved quantities:

▶ energy,
▶ mass div u = 0 (for incompressible flows),
▶ charge div j = ρ,
▶ helicity

∫
A · B dx ,

▶ enstrophy
∫

| curl u|2 dx ,
▶ · · ·

A structure-preserving faith: preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk: long term dynamics and computation of fluids and plasma
▶ relaxation : Does plasma system evolve to a stationary state?

corona heating, MHD equilibrium (stellarator, tokamak) etc.

▶ dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.

and limits of preserving invariants for fluids?

2 / 35



Fluid and plasma systems

Various conserved quantities:

▶ energy,
▶ mass div u = 0 (for incompressible flows),
▶ charge div j = ρ,
▶ helicity

∫
A · B dx ,

▶ enstrophy
∫

| curl u|2 dx ,
▶ · · ·

A structure-preserving faith: preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk: long term dynamics and computation of fluids and plasma
▶ relaxation : Does plasma system evolve to a stationary state?

corona heating, MHD equilibrium (stellarator, tokamak) etc.

▶ dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.

and limits of preserving invariants for fluids?

2 / 35



Fluid and plasma systems

Various conserved quantities:

▶ energy,
▶ mass div u = 0 (for incompressible flows),
▶ charge div j = ρ,
▶ helicity

∫
A · B dx ,

▶ enstrophy
∫

| curl u|2 dx ,
▶ · · ·

A structure-preserving faith: preserve them as much as possible.

But, what are the precise effects of (not) preserving them for numerics?

This talk: long term dynamics and computation of fluids and plasma
▶ relaxation : Does plasma system evolve to a stationary state?

corona heating, MHD equilibrium (stellarator, tokamak) etc.

▶ dynamo : Does the magnetic field exponentially grow?
generation of magnetic fields in earth and sun etc.

and limits of preserving invariants for fluids?

2 / 35



Motivation: structure-preserving discretisation
Fundamental question in plasma physics: given initial data, what does the system evolve to?
heating of solar corona, plasma equilibria (magnetic configurations) etc.

Magneto-friction (simplified MHD) :

Bt − ∇ × (u × B) = 0,

j = ∇ × B,

u = τ j × B.
Energy decay

1
2

d
dt ∥B∥2 = −τ∥B × j∥2.

Helicity conservation

d
dtHm = 0, with Hm :=

∫
A·B dx , B = ∇×A.

Figure. Helicity-preserving scheme Figure. CG scheme (non-preserving)
▶ Topology-preserving discretization for the magneto-frictional equations arising in the Parker

conjecture, M. He, P. E. Farrell, KH, B. Andrews, SISC (2025).
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Ideal magnetic relaxation

d Eugene Parker

Parker hypothesis (Still Open)

For “almost any initial data”, the magnetic field develops tangential discontinuities (current sheet)
during the relaxation to static equilibrium.

How confident are we in what we compute?
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Magnetohydrodynamics (MHD): macroscopic description of plasma, an incompressible model

∂tu − u × (∇ × u) − R−1
e ∆u − sj × B + ∇P = f momentum equation,

j − ∇ × B = 0 Ampere’s law,

∂tB + ∇ × E = 0 Faraday’s law,

R−1
m j − (E + u × B) = 0 Ohm’s law,

∇ · B = 0 Gauss law,

∇ · u = 0,

initial conditions u(x, 0) = u0(x), B(x, 0) = B0(x),
boundary conditions on ∂Ω: u = 0, B · n = 0, E × n = 0.

Three nonlinear terms:

fluid advection −u × (∇ × u) (in the vorticity form)
Lorentz force −sj × B
magnetic advection −∇ × (u × B)

For relaxation, we are interested in zero magnetic diffusion, nonzero fluid diffusion (Rm = ∞, Re < ∞).
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Energy structures of MHD

Energy dissipation or conservation:

1
2

d
dt ∥u∥2

0 + S
2

d
dt ∥B∥2

0 + R−1
e ∥∇u∥2

0 + SR−1
m ∥j∥2

0 = (f , u),

and hence

max
0≤t≤T

(
∥u∥2

0 + S∥B∥2
0

)
+ R−1

e

∫ T

0
∥∇u∥2

0 dτ + 2SR−1
m

∫ T

0
∥j∥2

0 dτ

≤ ∥u0∥2
0 + S∥B0∥2

0 + Re

∫ T

0
∥f ∥2

−1 dτ.

With f = 0, R−1
m = 0, total energy is non-increasing. However, some key information is not clear:

▶ whether the total energy decays to zero?
▶ how does total energy split into the fluid part (∥u∥2) + magnetic part (S∥B∥2)?

6 / 35



Helicity: fine structures

Magnetic helicity: for any potential A satisfying ∇ × A = B,

Hm :=
∫

Ω A · B dx

Idea started from Helmholtz & Kelvin. MHD: Woltjer’s invariant, ideal fluid: Moffatt (giving the name).

Figure: linking/knottedness of B.

Hξ = 2ℓ(C1, C2)Q1 · Q2. ℓ = 1: Gauss linking number, Qi : flux

Helicity = averaging asymptotic linking number (V.I. Arnold)

Cross helicity:

Hc :=
∫

Ω u · B dx

linking of vorticity and magnetic fields
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A topological mechanism

Arnold inequality (V.I. Arnold 1974): helicity provides lower bound for energy

∣∣∣∣∫ A · B dx
∣∣∣∣ ≤ C

∫
|B|2 dx

Proof. Cauchy-Schwarz |
∫

A · B dx | ≤ ∥A∥L2 ∥B∥L2 + Poincaré inequality ∥A∥L2 ≤ C∥∇ × A∥L2 .
Vladimir I. Arnold

Differential form point of view: A: 1-form, B: 2-form

∫
A ∧ B

∫
B ∧ ∗B≤ C

Helicity, Topology Energy, Geometry

≠⇒

Fig: Pontin, Hornig, Living Rev. Sol. Phys. 2020.

knots are topological barriers that prevent energy
from dissipation
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Magnetic helicity conservation

Conservative for ideal MHD (R−1
e = R−1

m = 0):

d
dt

∫
A·B dx = 0,

d
dt

∫
u·B dx = 0.

Proof. Magnetic field advection: Bt = ∇ × (u × B).
Then

d
dt

∫
A · B dx = 2

∫
A · ∇ × (u × B) dx

IBP= 2
∫

(∇ × A) · (u × B) dx = 2
∫

u · (B × B) dx = 0.

(IBP: integral by parts with vanishing boundary conditions.)

Remark. Proof holds for any u. Magnetic helicity remains conserved even when R−1
e ̸= 0.

Consequence: topological constraint

In the ideal limit Rm = ∞ (finite Re), energy may decay but has a lower bound determined by
magnetic helicity. Thus topologically nontrivial initial data cannot relax to a trivial field.

Topological mechanism may be lost due to discretization errors, leading to wrong solutions!
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Structure-preserving MHD: literature

Existing numerical methods for magnetic relaxation: Lagrange method, issues with mesh deformation
▶ Mimetic methods for Lagrangian relaxation of magnetic fields, S.Candelaresi, D.Pontin, G.Hornig, SIAM Journal on

Scientific Computing (2014).

Structure-preserving discretization for MHD:
▶ energy conservation: e.g., Armero,Simo 1996 etc.
▶ ∇ · B = 0: e.g., Brackbill, Barnes 1980, Hu,Ma,Xu 2017, Hiptmair,Mao,Zheng 2018
▶ charge conservation: Li,Ni,Zheng 2019
▶ helicity conservation: less attention, Liu,Wang 2004 (axisymmetric MHD flow, finite difference

methods); Kraus,Maj 2017 (DEC, variational integrator), Sullivan 2018 (‘Lattice hydrodynamics’).

Helicity-preserving finite element for NS:
Rebholz 2007; Zhang, Palha, Gerritsma, Rebholz 2022 (dual field approach).

Helicity-preserving finite element for MHD:
KH, Lee, Xu 2021; Gawlik, Gay-Balmaz 2022; Laakmann, KH, Farrell 2023 (Hall MHD), Zhang, Palha,
Brugnoli, Toshniwal, Gerritsma 2024.

The numerics below are based on the projection approach (Rebholz 2007, KH, Lee, Xu 2021).
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Why complexes matter?
Example: Gauss law in Maxwell equations.

∂B
∂t + ∇ × E = 0 =⇒ ∂t(∇·B) = 0.

Typical Galerkin formulation: Find Eh ∈ Yh, Bh ∈ Zh such that∫
∂tBh · Ch dx +

∫
(∇ × Eh) · Ch dx = 0, ∀Ch ∈ Zh.

This implies ∂tBh + P(∇ × Eh) = 0 =⇒ ∂t(∇·Bh) = − ∇·P(∇ × Eh) ̸= 0, (discretization errors)
P : ∇ × Yh → Zh: L2-projection

P = I iff ∇ × Yh ⊂ Zh.

Relations such as ∇ × Yh ⊂ Zh are precisely the structure of differential complexes (homological algebra).

0
grad curl div

0

Yh Zh

Finite elements forming a complex preserve Gauss-type constraints.
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Canonical finite elements for the de Rham complex
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Periodic Table of the Finite Elements
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The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)
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27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4
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6 121 4

8 12

20 304 10

15 20

45 6010 20
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Raviart-Thomas (1977), Nédélec (1980) in numerical analysis
Bossavit (1988): differential forms and complex
Hiptmair (1999), Arnold, Falk, Winther (2006): systematic study, “Finite Element Exterior Calculus”

Pierre-Arnaud Raviart
Jean-Claude Nédélec Franco Brezzi Donatella Marini Jim Douglas
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Elliptic equations on composite manifold and composite elastic structures, Feng Kang, Mathematica
Numerica Sinica 1979

Figure: M. E. Rognes (2022), EMS Magazine

Some applications of mixed dimensional manifolds:
▶ brain’s water scales

M. E. Rognes (2022). Waterscales: Mathematical and
computational foundations for modelling cerebral fluid flow.
European Mathematical Society Magazine, (126), 13-26.

▶ combinatorial structures, contact mechanics, porous media...
W. M. Boon, J. M. Nordbotten, J. E. Vatne (2021). Functional
analysis and exterior calculus on mixed-dimensional geometries.
Annali di Matematica Pura ed Applicata, 200(2), 757-789.
Čech-de Rham double complex (Holmen,Nordbotten,Vatne 2024) 13 / 35



Structure-Preserving Discretization for MHD

Core idea

Use finite element spaces from an exact de Rham complex

Discrete variables
▶ Eh ∈ Hh

0 (curl), Bh ∈ Hh
0 (div) =⇒ ∇· Bh = 0 exactly

Complex: curl Hh
0 (curl) ⊂ Hh

0 (div)!
▶ uh ∈ Hh

0 (curl)
▶ Project nonlinear terms into the right space:

Hh := Qcurl
h Bh (preserves magnetic helicity)

ωh := Qcurl
h (∇× uh) (preserves cross helicity)

0
grad curl div

0

Eh, uh, Hh Bh

Why the projection is mandatory
Continuous identity:∫

(u × B) · B = 0

Naive discretization fails:∫
(u × Bh) · Qcurl

h Bh ̸= 0

With projection Hh = Qcurl
h Bh:∫

(u × Hh) · Hh = 0 ✓

+ Any quadratic-invariant-preserving time integrator (implicit midpoint, etc.)
14 / 35



Numerical scheme (magneto-friction)

Apply the same idea of choosing finite elements in a de Rham complex and adding projections :

Find (B, E , H, j , u) ∈ Hh(div) × Hh(curl) × Hh(curl) × Hh(curl) × Hh(div), such that for any
(B̂, Ê , Ĥ, ĵ , û) in the same space,

(Bt , B̂) + (∇ × E , B̂) = 0,

(E , Ê) = −(u × H, Ê),
(u, v̂) = τ(j × H, v̂),

(j , ĵ) = (B, ∇ × ĵ),
(H, Ĥ) = (B, Ĥ).

Bt + ∇ × E = 0,

E = −P(u × H),
u = τQ(j × H),

j = ∇h × B,

H = PB.

Energy law
1
2

d
dt ∥B∥2 = −τ∥Q(H × j)∥2.

Helicity conservation
d
dt

∫
A · B = 0.
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Numerical test: Hopf fibration

B0 = 4
√

a
π(1 + r2)3 (2y(y − xz), −2(x + yz), (−1 + x2 + y2 − z2))

Every single field line of this field is a perfect circle, and every single field line is linked with every other one.
c.f. Smiet, C.B., Candelaresi, S. and Bouwmeester, D., 2017. Ideal relaxation of the Hopf fibration. Physics of Plasmas, 24(7).

Figure. Helicity-preserving scheme Figure. CG scheme (non-preserving)

τ = 10, dt = 1 and T = 1000.
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Helicity-preserving algorithms crucial even for nontrivial topology with zero
helicity (twists, but no knots).
braiding, corona loops
Figure: Heating of braided coronal loops, Pontin, Wilmot-Smith, Hornig, Yeates

Left: helicity-preserving algorithm Right: preserving integrated
∫

A · B dx by Lagrange multiplier.

preserving global
∫

A · B dx not enough! local structures matter.
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Full MHD (KH, Lee, Xu 2021)

Find (u, ω, j , E , H, B, p) ∈ [Hh
0 (curl, Ω)]5 × Hh

0 (div, Ω) × Hh
0 (grad) such that

(Dtu, v) − (u × ω, v) + (∇p, v) − S(j × H, v) = (f , v), (1a)
(ω, µ) − (∇ × u, µ) = 0, (1b)

(u, ∇q) = 0, (1c)
(DtB, C) + (∇ × E , C) = 0, (1d)

(j , k) − (B, ∇ × k) = 0, (1e)
(E + u × H, G) = 0, (1f)
(B, F ) − (H, F ) = 0, (1g)

where Dtu = (unew − uold)/∆t, DtB = (Bnew − Bold)/∆t and other variables are average of new and old
values (time stepping: implicit mid-point).

E = −Qcurl
h (u × H),

ω = Qcurl
h (∇ × u)

j = ∇h × B, H = Qcurl
h B.
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Convergence

Algorithms converge well for smooth true solutions.

Theorem 1 (L. Beirão da Veiga, KH, L. Mascotto 2024)
Consider sequences {Th} of shape-regular, quasi-uniform meshes. Let the true solution be sufficiently
smooth. Then, there exists a positive constant C independent of h such that, for all t in (0, T ],

∥ eu
h(t)∥2 + ∥ eB

h (t)∥2 +
∫ t

0
∥ curl eu

h(s)∥2 ds +
∫ t

0
∥ ej

h(s)∥2 ds ≤ C(∥ eu
h(0)∥2 + ∥ eB

h (0)∥2 + h2(k+1)).

The constant C includes regularity terms of the numerical solution, the shape-regularity parameter of the
mesh, and the polynomial degree k.

Further question

What if the true solution is nonsmooth?

Onsager’s conjecture; energy/helicity conservation may fail. But most FE preserves energy by definition.
O(1) error!

invariants-preservation for fluids has a limit!
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Limit of structure-preservation

— Fehn, N., Kronbichler, M., Munch, P., & Wall, W. A. (2022). Numerical evidence of anomalous energy dissipation in
incompressible Euler flows: towards grid-converged results for the inviscid Taylor–Green problem. Journal of Fluid Mechanics,
932, A40.

Motivation: detecting NS singularity
▶ direct approach: blow-up of u, ω etc. (e.g.,

Hou-Luo 2014)
▶ indirect approach: energy dissipation for

inviscid flows

Enforcing energy conservation has to be wrong.

high-order projection methods + high-order DG
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Towards Computational Topological Hydrodynamics

A subject back to Kelvin, Helmholtz, and more recently by Arnold, Khesin, Moffatt, Sullivan...
limited applications due to lack of topology-preserving algorithms

Lord Kelvin von Helmholtz Vladimir Arnold Boris Khesin Keith Moffatt Dennis Sullivan

Direct computational assessment of Parker’s hypothesis brings a number of challenges. Foremost among these is
the requirement to precisely maintain the magnetic topology during the simulated evolution, i.e., precisely
maintain the magnetic field line mapping between the two line-tied boundaries. . . . In the following sections, two
methods are described which seek to mitigate against these difficulties. However, in all cases the representation
of current singularities remains problematic. . .

— The Parker problem: existence of smooth force-free fields and coronal heating, Pontin, Hornig, Living Rev. Sol. Phys. 2020.
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Dynamo
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Towards Computational Topological Hydrodynamics

Dynamo theory, another example:

mechanism of generation of magnetic fields in astrophysical objects
(e.g., change of magnetic fields of stars and planets)

Fast dynamo: in MHD, exponential growth of magnetic field B
First eigenvalue of magnetic advection-diffusion (given u)

−∇ × (u × B) − R−1
m ∇ × ∇ × B = λB.

Does there exist a divergence-free field u on a manifold that is a fast kinematic dynamo?
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Dynamo

V.I.Arnold, E.I.Korkina 1983 computation: ‘Galerkin methods’, magnetic Reynolds number Rm ≤ 19.

Are there spurious solutions like in Maxwell equations?

... It is still unknown whether this field (ABC flow) is a fast kinematic dynamo,
e.g., whether an exponentially growing mode of B survives as Rm → ∞.

...

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for
matrices of the order of many million, even for reasonable Reynolds numbers (of the
order of hundreds). The physically meaningful magnetic Reynolds numbers Rm are
of order of magnitude 108. The corresponding matrices are (and will remain)
beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.I.Arnold, B.A.Khesin 2021.

Is this true?
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MHD via Differential Forms
−∇ × (u × B)︸ ︷︷ ︸

Lie derivative
advection

−R−1
m ∇ × ∇ × B︸ ︷︷ ︸

Hodge Laplacian
diffusion

= λB

▶ Diffusion: Hodge Laplacian . ∆HL := dδ + δd (diffusion)

▶ Lie Derivative: For vector field u on manifold M. For a k-form ω,

Luω = lim
τ→0

Φ∗
τ ω − ω

τ

where flow Φ(t, x) satisfies ∂tΦ = u(Φ, t), Φ(0, x) = x .

▶ Cartan’s Magic Formula: For vector field β:

Lk
β = dk−1ik

β + ik+1
β dk

where ik
β : Λk → Λk−1 is contraction.

‘ Fisherman derivative ’:
sitting on boat, differentiating along
the flow

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0.
·β ×β ⊗β

Luw︸︷︷︸
Lie derivative

advection

+ ∆HLw︸ ︷︷ ︸
Hodge Laplacian

diffusion

Numerical application: (semi-)Lagrange methods for MHD
Heumann,Hiptmair,Xu 2009
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Advection-diffusion of differential forms: in coordinates

Lβw + ∆HLw = f .

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0.
grad

− div

curl

curl

div

− grad

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0.
·β ×β ⊗β
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Advection-diffusion of differential forms: in coordinates

Lβw + ∆HLw = f .

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0
grad

− div

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0·β

(dk−1ik
β + ik+1

β dk)w + (dk−1d∗
k−1 + d∗

k dk)
w = f

β · ∇w − div grad w = f

scalar advection-diffusion.
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Advection-diffusion of differential forms: in coordinates

Lβw + ∆HLw = f .

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0
grad

− div

curl

curl

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0·β ×β

(dk−1ik
β + ik+1

β dk)w + (dk−1d∗
k−1 + d∗

k dk)
w = f

grad(β · A) − β × (curl A) + (− grad div + curl curl)A = f

advection-diffusion of magnetic potential.
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Advection-diffusion of differential forms: in coordinates

Lβw + ∆HLw = f .

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0
curl

curl

div

− grad

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0×β ⊗β

(dk−1ik
B + ik+1

B dk)w + (dk−1d∗
k−1 + d∗

k dk)
w = f

− curl(β × B) + (div B)β + (curl curl − grad div)B = f

If imposing div B = 0:
− curl(β × B) + curl curl B = f .

magnetic advection-diffusion.
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Advection-diffusion of differential forms: in coordinates

Lβw + ∆HLw = f .

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0
div

− grad

0 C∞(Ω) C∞(Ω;R3) C∞(Ω;R3) C∞(Ω) 0⊗β

(dk−1ik
B + ik+1

B dk)w + (dk−1d∗
k−1 + d∗

k dk)
w = f

div(uβ) − div grad u = f

Fokker-Planck type equation (transport of density)
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Convergence of Advection-Diffusion Eigenvalue Problems

Find B ∈ H(curl), λ ∈ C:

R−1
m (∇ × B, ∇ × C) − (u × B, ∇ × C) = λ(B, C), ∀C ∈ H(curl)

Bramble-Osborn Theory: Under assumptions
▶ Solution operator T : X → X is compact

T : f 7→ B solves R−1
m (∇ × B, ∇ × C) − (u × B, ∇ × C) = (f , C).

▶ Th : Xh → Xh is compact and finite rank
∥T − Th∥ → 0 =⇒ convergence James Bramble John Osborn

Application to MHD: Boils down to regularity of T : V0 := T (L2) ↪→↪→ H(curl)

Theorem [KH, Liang, Zerbinati]: For given smooth u, V0 ↪→↪→ H(curl) =⇒ eigenvalue convergence

Rayleigh quotient (min-max) fails due to non-self-adjoint advection, losing information (e.g., convergence
of individual eigenvalues with multiplicity)
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Witten transform: when wind is potential (gradient)

· · · Λk−1 Λk Λk+1 · · ·

· · · Λk−1 Λk Λk+1 · · ·

d

eθ(x)

d

eθ(x)

d

eθ(x)

dθ dθ dθ

Diagram commutes:

eθ(x)d(e−θ(x)w) = −∇θ ∧ w + dw .

gauge transform. Compare to covariant derivatives ∇w = ∂w + Γ · w .

· · · Λk−1 Λk Λk+1 · · ·

· · · Λk−1 Λk Λk+1 · · ·

eθ(x)

δ

eθ(x)

δ

eθ(x)

δ

δθ δθ δθ

δθu := e−θ(x)δeθ(x)u = ι±(dθ)♯u + δu.

dδ±θ + δ±θd = ∆HL + L∇θ

Hodge Laplacian on transformed coordinates = advection-diffusion

Edward Witten

Supersymmetry and Morse theory,
Witten (1982) J. Diff. Geo.

Witten deformation
Witten complex
Witten Laplacian

Numerical applications: stablizing numerical oscillation Brezzi,Marini,Pietra 1989 : exponential fitting,
scalar problem; Wu,Xu 2018 : forms in 3D; Christiansen,Halvorsen,Sørensen 2014 : Petrov Galerkin

28 / 35



Consequence 1: for potential (gradient) winds, eigenvalues are real.
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Eigenvalues of 2D Kikuchi Advection Problem

u1, Re=1.0e+01
u1, Re=1.0e+00
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u2, Re=1.0e+00
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Figure. Eigenvalues for the toroidal surface with wind u1
(non-gradient) and u2 (gradient).

u1 = (1, 1), u2 = (2 cos(2x) sin(2y), 2 sin(2x) cos(2y))

Consequence 2: improved estimates (essentially self-adjoint)
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Generalizing Hodge theory

Theorem 2 (V. I. Arnold)

The number of linearly independent stationary k-forms is not less than the k-th betti number of the
manifold M.

Theorem 3 (V. I. Arnold)

If the diffusion coefficient R−1
m is sufficiently large, then the number of linearly independent stationary

k-forms is equal to the k-th betti number of the manifold M.

Test 1

b0 = 1, b1 = 1, b2 = 0. u1 = (1, 1)

Rm 100 10 1 0.1

dim(λ0) 1 1 1 1

Test 2

b0 = 1, b1 = 2, b2 = 1.
u2 = (2 cos(2x) sin(2y), 2 sin(2x) cos(2y))

Rm 100 10 1 0.1

dim(λ0) 2 2 2 2
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Back to the very first assumption...

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for matrices of the
order of many million, even for reasonable Reynolds numbers (of the order of hundreds). The physically
meaningful magnetic Reynolds numbers Rm are of order of magnitude 108. The corresponding matrices
are (and will remain) beyond the reach of any computer.

— Topological Methods in Hydrodynamics, V.I.Arnold, B.A.Khesin 2021.

Eigenvalue analysis is often misleading for telling (in)stability for
non-normal operators (AA∗ ̸= A∗A).

In transient (better described by pseudo-spectra), nonlinear ef-
fects become dominating, Asymptotics described by eigenvalues
never reached .
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Structure-preserving FE also computes pseudo-spectra

σϵ(A) = {z ∈ C : ∥(z − A)−1∥ > ϵ−1}

σϵ(A) = {z ∈ C : smin(z − A) < ϵ}

smin: minimal singular value

Theorem 4 (Zerbinati)

Finite element for pseudo-spectra converges.

u0 = 0 Hodge Laplacian

u1 = (1, 1) non potential

u2 = (2 cos(2x) sin(2y), 2 sin(2x) cos(2y)) potential

Umberto Zerbinati,
Mini-course

Edinburgh 2025
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Lagrange elements lead to spurious modes again

Lagrange elements for Maxwell lead to spurious eigenmodes. Same for Lagrange elements for MHD
(Maxwell+advection).

u0 = 0 Hodge Laplacian

u2 = (2 cos(2x) sin(2y), 2 sin(2x) cos(2y)) potential

x: from nodal elements ◦: Nédélec (FEEC)
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Back to Arnold&Korkina 1983 computation

Arnold, V. I., & Korkina, E. I. (1983). The growth of a magnetic field in the three-dimensional steady flow
of an incompressible fluid. Moskovskii Universitet Vestnik Seriia Matematika Mekhanika, 43-46.

Fourier basis eik·x = ei(k1x1+···+knxn)

0 eik·x

 eik·x

eik·x

eik·x


 eik·x

eik·x

eik·x

 eik·x 0.
grad curl div

“good” complex. Ongoing work with Andrea Bressan, Yuechen Zhu.

Compared to finite element exterior calculus, less attention paid to spectral basis and spectral methods.
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Summary

An exciting start. . .

FEEC for computational topological hydrodynamics
Long term computation of fluids/plasma

Long-term computation: finite-dim vs infinite-dim

Finite-dim Hamiltonian systems Fluids / plasmas (infinite-dim)

Volume-preserving phase space infinite dim. Lie group
Structures symplectic form ω topology (helicity), geometry (energy, enstrophy)
How many invariants preserve? as many Casimirs as possible has a limit (Onsager conjecture, singularities)
Stability KAM (Feng, Shang 1980s) dynamo (instability)
Decay/Growth ’rigid’ decay (relaxation), growth (dynamo)
Discretization geometric integrators geometric integrators + de Rham complex

Further questions

▶ Long-term evolution and rough solutions.
▶ Fast solvers and preconditioners.
▶ Nonlinear eigenvalue problems, pseudo-spectra.
▶ (Semi-)Lagrange methods.

▶ Turbulence: LES, DNS.
▶ Flows on manifolds, relativistic fluids.
▶ (Pseudo)spectra beyond compactness.
▶ · · ·
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Appendix: Nontrivial cohomology & generalized helicity
Additional difficulty (torus topology):
nontrivial cohomology ⇒ harmonic field B0 = (0, 0, 1)

∇×B0 = 0, ∇·B0 = 0, satisfies BCs

▶ Classical helicity not well-defined
▶ Harmonic part BH is time-invariant (∂tB ∈ R(curl)) but

interferes with exact part

Generalized helicity (gauge-dependent but conserved):

B = BR + BH , BR = curl A

H̃ :=
∫

A · (BR + 2BH) =
∫

A · (B + BH) =⇒ d
dt H̃ = 0

Generalized Arnold inequality:

|H̃| ≤ C
(
∥BR∥2 + 4∥B2 + 2BH∥2)

Our algorithm: exactly preserves the discrete analogue of the
above.
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