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Topology, Dynamics,
Computation

The Mathematics & Computation of Time

In the Spirit of Smale



“A basic idea behind the design of numerical
schemes is that they can preserve the properties of

the original problems as much as possible...
Different representations for the same physical law
can lead to different computational techniques in

solving the same problem, which can produce
different numerical results...”

– Feng Kang

Long-term dynamics of Hamiltonian systems:

a

b

aMax-Planck Institute for Plasma Physics, Numerical Methods in Plasma Physics
bGeometric Numerical Integration (Hairer, Lubich, Wanner)

(Finite dimensional) Hamiltonian systems

ω =
n∑

i=1
dqi ∧ dpi (canonical symplectic form)

A numerical method should be symplectic, i.e.

Φ∗h ω = ω

geometric numerical integration: 1980s – now
global problems and global numerical analysis in

differential equations
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Fluid and plasma systems: long-term evolution

Plasma equilibria: solar corona
heating of solar corona, self-organization etc.

Parker hypothesis (Still Open)

For “almost any initial data”, the magnetic field develops tangential dis-
continuities (current sheet) during the relaxation to static equilibrium.

Plasma equilibria: stellarator, Tokamak

Force-free state ∇p = j × B, ∇ · B = 0.

Instability, dynamo: generation of magnetic fields in stars

Kinematic dynamo: given u, exponential growth of B

∂tB − ∇ × (u × B) − R−1
m ∇ × ∇ × B = 0

0Figure: UMD stellarator group
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Simplified magnetohydrodynamics
(MHD):

Bt − ∇ × (u × B) = 0,

j = ∇ × B,

u = τ j × B.

Energy decay

1
2

d
dt ∥B∥2 = −τ∥B × j∥2.

Helicity conservation

d
dtHm = 0, Hm :=

∫
A · B dx , with B = ∇ × A.

Helicity-preserving finite element discretization for magnetic relaxation, He, Farrell, KH, Andrews, SISC (2025).
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(MHD):

Bt − ∇ × (u × B) = 0,

j = ∇ × B,

u = τ j × B.

Energy decay

1
2

d
dt ∥B∥2 = −τ∥B × j∥2.

Helicity conservation

d
dtHm = 0, Hm :=

∫
A · B dx , with B = ∇ × A.

Helicity-preserving scheme Plain FEM

Helicity-preserving finite element discretization for magnetic relaxation, He, Farrell, KH, Andrews, SISC (2025).
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Helicity: fine structures

Magnetic helicity: for any potential A with ∇ × A = B

Hm :=
∫

Ω
A · B dx

Topological interpretation: helicity measures linking and knottedness of B

Linked flux tubes ⇒ nonzero helicity

Hξ = 2ℓ(C1, C2)Q1 · Q2

ℓ: Gauss linking number, Qi : flux
Helicity = average asymptotic linking number (Arnold)

Helmholtz–Kelvin; Woltjer; Moffatt

Helicity is a key topological invariant in fluid and MHD flows.
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A topological mechanism

Arnold inequality (V.I. Arnold 1974): helicity provides lower bound for energy

∣∣∣∣∫ A · B dx
∣∣∣∣ ≤ C

∫
|B|2 dx

Proof. Cauchy-Schwarz |
∫

A · B dx | ≤ ∥A∥L2∥B∥L2 + Poincaré inequality ∥A∥L2 ≤ C∥∇ × A∥L2 .
Vladimir I. Arnold

Differential form point of view: A: 1-form, B: 2-form

∫
A ∧ B

∫
B ∧ ∗B≤ C

Helicity, Topology Energy, Geometry

≠⇒

Fig: Pontin, Hornig, Living Rev. Sol. Phys. 2020.

Topology (helicity) constrains energy.

knots are topological barriers that prevent energy from
dissipation

Topological mechanism lost of algorithm does not
preserve helicity.
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How to discretize and preserve helicity?

Finite elements: from scalar fields (50s, 60s)

b

b b

b

b b

b

b b

C0 C1 C1

Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

Finite elements = p.w. polynomials with continuity determined by DoFs

to vector fields (70s-80s)

Yee scheme: electric field on edges, magnetic
fields on faces (Fig: https://ammar-hakim.org)
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How to discretize and preserve helicity?

Finite elements: from scalar fields (50s, 60s)

b

b b

b

b b

b

b b

C0 C1 C1

Degrees of Freedom (DoFs): discrete patterns, where quantities are discretized
shape functions: extend DoFs to piecewise functions inside

Finite elements = p.w. polynomials with continuity determined by DoFs

to differential forms (Bossavit, Hiptmair 80s – 90s; Arnold, Falk, Winther 2000s...) k-forms on k-cells

grad Lag ⊂ Ned, curl Ned ⊂ RT, div RT ⊂ DG, and exactness / cohomology
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Finite Element Exterior Calculus (FEEC)

Whitney forms:

Wi0···ik = k!
k∑

r=0
(−1)r λir dλi0 ∧ · · · ∧ d̂λir ∧ · · · ∧ dλik .

Finite element periodic table: any dimension, any k-forms, any polynomial degrees
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Periodic Table of the Finite Elements
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The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.
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The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
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("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)
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Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS
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Preserving helicity: variables in discrete de Rham complex

0
grad curl div

0

Eh, Hh Bh

For MHD (previous example)

▶ Faraday’s law ∂tBh + ∇ × Eh = 0 holds exactly =⇒ d
dt (∇ · Bh) = 0.

▶ Introducing projection Hh = QL2Bh =⇒ (uh × Hh, QL2Bh) = 0.

+ Any quadratic-invariant-preserving time integrator (implicit midpoint, etc.)
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Why not Lagrange multipliers?

Magnetic braid (E3 field)
Braided coronal loop

nontrivial topology with zero global helicity.
▶ magnetic braids,
▶ coronal loops.

Pontin–Wilmot-Smith–Hornig–Yeates

Left: helicity-preserving algorithm Right: preserving integrated
∫

A · B dx by Lagrange multiplier.

Broader question: evolve table of knots (no theoretical guarantee for numerics yet).

Global and local helicity-preservation in the FE discretisation of magnetic relaxation. Farrell, He, KH, Zhang (2026). arXiv
10 / 33



Subtleties in infinite dimensional dynamics: reconnection
Unlike finite dimensional systems, invariant-preservation has a limit for PDEs!

True physics always has diffusion ⇒ reconnection.

Magnetic knots (Hopf fibration): evolution under different
topological constraints

▶ Selective decay:
helicity decays much slower than energy

▶ Taylor’s conjecture:
global helicity conserved,
local helicity not

Different topology constraints
⇒ different equilibria.

Which one corresponds to real physics?

(more stories, leading to discussions on
turbulence...)
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Can computation answer the dynamo question?

... It is still unknown whether this field (ABC flow) is a fast kinematic dynamo, e.g., whether an
exponentially growing mode of B survives as Rm → ∞.

...

Numerically, the kinematic fast dynamo problem is the first eigenvalue problem for matrices
of the order of many million, even for reasonable Reynolds numbers (of the order of hundreds).
The physically meaningful magnetic Reynolds numbers Rm are of order of magnitude 108. The
corresponding matrices are (and will remain) beyond the reach of any computer.

— Topological Methods in Hydrodynamics, Arnold & Khesin (1998)

∇ × (u × B) − R−1
m ∇ × ∇ × B = λB.

V.I.Arnold, E.I.Korkina 1983 computation: ‘Galerkin methods’, magnetic Reynolds number Rm ≤ 19.

“Eigenvalues might be meaningful in theory, but they cannot always be trusted on a computer. ...
And to study nonnormality, a fruitful technique is to look beyond eigenvalues to pseudospectra, the
sets in the complex plane bounded by level curves of the norm of the resolvent. pseudospectra.”

— Spectra and pseudospectra, Trefethen & Embree (2005)
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Computing eigenvalues and pseudospectra
ε-pseudospectra

σε(A) =
{

z ∈ C : ∥(z − A)−1∥ > ε−1
}

= {z ∈ C : λmin(z − A) < ε} .

λmin: smallest singular value.

u = 0 (Hodge Laplacian) u ̸= 0 (advection-diffusion)
×: nodal elements ◦: Nédélec (FEEC)

Finite elements not fitting in de Rham complexes lead to spurious solutions.

Rigorous analysis on eigenvalues and pseudospectra: Boffi, KH, Liang, Zerbinati 2026, in preparation
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The story continues. . .

Towards Computational Topological Hydrodynamics
FEEC, Long term computation of fluids/plasma

Topology (knots, braids, cohomology) , geometry (Witten complex, generalized Hodge theory) ,
PDE analysis (singularity, Onsager conjecture) , fluid mechanics (dynamo, turbulence) ,

dynamical systems (long term asymptotics)

+ numerics (global numerical analysis)

FoCM PDE Section Talk
Slides
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Reliable numerical computation

Computation is used for gravitational wave templates , fusion devices , quantum computing , and many
other scientific applications.

How confident are we in what we compute?

Key idea: Differential complexes encode the compatibility relations underlying PDE models.

· · · −→ V k−1 dk−1
−−−→ V k dk

−→ V k+1 −→ · · · , dk ◦ dk−1 = 0.

Fundamental example: the de Rham complex

0 −→ C∞(Ω) grad−−→ C∞(Ω;R3) curl−−→ C∞(Ω;R3) div−−→ C∞(Ω) −→ 0.

curl grad = 0, div curl = 0.

and generalizations to differential forms.

Finite Element Exterior Calculus (FEEC) provides a canonical discretization of the de Rham complex.
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Beyond Differential Forms

Many problems are tensorial.
Continuum mechanics
▶ stress
▶ strain
▶ dislocation density
▶ disclination density

σij = σji

Differential geometry
▶ metric
▶ curvature
▶ torsion

gij = gji

Rab;cd = −Rba;cd = −Rab;dc , Rab;cd = Rcd ;ab,

Rab;cd + Rbc;ad + Rca;bd = 0.

Differential forms are only one class of tensors (fully skew symmetric)

Can we discretize general tensor fields while preserving

algebraic symmetries + differential structures?
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Beyond de Rham

When skew-symmetry is no longer enough,
what differential structure is available?

Symmetric tensor complexes and the BGG construction



An example beyond de Rham: the elasticity complex

V := R3, S := R3×3
sym .

RM C∞(Ω;V) C∞(Ω; S) C∞(Ω; S) C∞(Ω;V) 0sym grad inc div

rigid motions displacement metric / strain curvature / stress force

inc ◦ sym grad = 0

Saint–Venant compatibility

div ◦ inc = 0

Bianchi identity

Fundamental complex for symmetric tensor fields.
Discovered independently from several perspectives:
▶ Kröner (defect theory)

incompatibility tensor models dislocations
▶ Calabi: linearized Riemannian geometry

metrics → curvature
▶ Olver: hyperforms, n-complexes

calculus of variation

The elasticity complex plays the same structural role in
continuum mechanics as the de Rham complex does for
differential forms.

On compact, Riemannian manifolds with constant curvature I. E.Calabi (1961).
17 / 33



Elasticity complex is built up from de Rham
Inspired by the Bernstein–Gelfand–Gelfand (BGG) construction
B-G-G (1975), Eastwood (2000), Čap–Slovák–Souček (2001), Arnold–Falk–Winther (2006), Arnold–Hu (2021), Čap–Hu (2024).

0 R3 R3×3 R3×3 R3 0

0 R3 R3×3 R3×3 R3 0

grad curl div

grad

S0

curl

S1

div

S2

Two copies of the de Rham complex
connected by algebraic maps.

Arnold–Hu, Complexes from Complexes, FoCM (2021).
Čap–Hu, BGG sequences with weak regularity and applications, FoCM (2024). 18 / 33
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0 R3 S +��K ���R3×3 ��R3 0

0 ��R3 ���R3×3 S +��K R3 0

grad curl div

grad

−mskw

curl

S

div

2 vskw

Cohomology-preserving elimination
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Elasticity complex is built up from de Rham
Inspired by the Bernstein–Gelfand–Gelfand (BGG) construction
B-G-G (1975), Eastwood (2000), Čap–Slovák–Souček (2001), Arnold–Falk–Winther (2006), Arnold–Hu (2021), Čap–Hu (2024).

0 R3 S

S R3 0

sym grad curl

T
div

Output:
Tensor-valued differential complexes

with the same cohomology as the de Rham complex.

Examples
▶ Elasticity (Calabi, Kröner...)
▶ Hessian
▶ Conformal
▶ · · ·

Topology, Algebra =⇒ Analysis
Poincaré–Korn inequalities

Hodge decomposition
Compactness

Arnold–Hu, Complexes from Complexes, FoCM (2021).
Čap–Hu, BGG sequences with weak regularity and applications, FoCM (2024). 18 / 33



Systematic construction in a general setting

General principle: eliminate variables while preserving cohomology

· · · Ak−1,ℓ−1 Ak,ℓ−1 Ak+1,ℓ−1 · · ·

· · · Ak−1,ℓ Ak,ℓ Ak+1,ℓ · · ·

dk−1 dk

dk−1

Sk−1,ℓ

dk

Sk,ℓ

Horizontal arrows: differential operators Diagonal arrows: algebraic maps (symmetrization)

▶ Input: a double complex with horizontal differentials and diagonal symmetry maps.
▶ Reduction: pass to kerS and coker S in each degree.
▶ Output: a new complex, often the physically relevant one, with the same cohomology.
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A class of examples: form-valued forms

From differential forms to tensor-valued differential forms

Altk,ℓ := Altk ⊗ Altℓ, ℓ-form-valued k-forms (double forms).

Horizontal arrows are the exterior derivative (grad, curl, div in three dimensions); diagonal arrows encode
tensor symmetries.

· · · Altk−1,ℓ Altk,ℓ Altk+1,ℓ Altk+2,ℓ · · ·

· · · Altk−1,ℓ+1 Altk,ℓ+1 Altk+1,ℓ+1 Altk+2,ℓ+1 · · ·

dk−1 dk dk+1

dk−1

Sk−1,ℓ+1

dk

Sk,ℓ+1

dk+1

Sk+1,ℓ+1

metric g = gij dx i ⊗ dx j (1, 1)-form

curvature R = Rijkl dx i ∧ dx j ⊗ dxk ∧ dx l (2, 2)-form
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Algebraic symmetries encoded in differential complexes

Alt1,1 Alt2,1 Alt3,1

Alt1,2 Alt2,2 Alt3,2

d d

d

S1,2

d

S2,2

Example: Riemann curvature tensor

The algebraic symmetries

Rab;cd = −Rba;cd = −Rab;dc , Rab;cd = Rcd ;ab, Rab;cd + Rbc;ad + Rca;bd = 0,

are precisely expressed by
ker(S2,2) ⊂ Alt2,2.

dim ker(S2,2) = dim Alt2,2 − dim Alt3,1 =


1, in 2D (Gauss curvature)
6, in 3D (Ricci / Einstein)
20, in 4D (full Riemann)
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The full diagram encodes more complete models

embedding/displacement metric/strain

R3 S

S R3

curvature/stress covector/load

sym grad curl

T
curl div

Riemann, Kröner, Cauchy, Hooke

A. Čap & KH, BGG sequences with weak regularity and applications. FoCM (2024).
Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and cohomology. FoCM (2026)
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The full diagram encodes more complete models

embedding/displacement metric/strain

R3R3R3 R3×3

R3R3R3 S R3

rotation curvature/stress covector/load

gradgradgrad curl

T
gradgradgrad

S0S0S0

curl div

d Cosserat brothers Cosserat continua: microstructures (rotation, stretch etc.)

A. Čap & KH, BGG sequences with weak regularity and applications. FoCM (2024).
Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and cohomology. FoCM (2026)
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The full diagram encodes more complete models

embedding/displacement coframes torsion 2-form
dislocation

Bianchi

R3 R3×3R3×3R3×3 R3×3R3×3R3×3 R3

R3 R3×3R3×3R3×3 R3×3R3×3R3×3 R3

rotation connection 1-form curvature/stress
disclination

covector/load

grad curlcurlcurl div

grad

S0

curlcurlcurl

S1S1S1

div

S2

dÉlie Cartan
Yavari, Goriely (2012)

BGG construction is thus cohomology-preserving elimination of microstructures

A. Čap & KH, BGG sequences with weak regularity and applications. FoCM (2024).
Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and cohomology. FoCM (2026)
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Differential complexes as a unified modelling language

One mathematical language — many continuum models

Differential complex Representative models
de Rham electromagnetism, diffusion, fluids
BGG (elasticity) elasticity, plates & shells, general relativity
Twisted (full diagram) Cosserat / micropolar continua, microstructure, torsion
Higher-order forms defects, dislocations, disclinations
Čech contact, fractured media, mixed-dimensional coupling

Geometry, Symmetry =⇒ Differential complexes =⇒ Continuum models
The same geometric structures govern fields, compatibility, energies, topology, and discretizations.
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Alt0,0(R) Alt1,0(R)

Alt0,0(R2) Alt1,0(R2) Alt2,0(R2)

Alt0,0(R3) Alt1,0(R3) Alt2,0(R3) Alt3,0(R3)

Alt0,1(R2) Alt1,1(R2) Alt2,1(R2)

Alt0,1(R3) Alt1,1(R3) Alt2,1(R3) Alt3,1(R3)

Alt0,2(R2) Alt1,2(R2) Alt2,2(R2)

Alt0,2(R3) Alt1,2(R3) Alt2,2(R3) Alt3,2(R3)

Alt0,3(R3) Alt1,3(R3) Alt2,3(R3) Alt3,3(R3)

tr tr

tr tr tr

tr tr tr

tr tr tr

displacement metric

curvature loadCosserat rotation connection

torsion angular momentum

density electric field magnetic field pressure

plate transverse deflection

bending moment

load

straindisplacement

Reissner-Mindlin rotation

electric/magnetic field

beam displacement

Čech / Total Complex

BGG (elasticity, Calabi, Köner) complexTwisted de Rham complex: Riemannian-
Cartan geometry, micropolar (Cosserat) media

Full BGG diagram (with form-valued forms)2D: platestrace, restriction: dimension reduction1D: beams

Waterscales: Mathematical
and computational founda-
tions for modelling cerebral
fluid flow; Marie E. Rognes,
EMS. Čech–de Rham double complex:

mixed dimensions, coupling, contact

Boon, Holmen, Nordbotten, Vatne (2025)
Boon & Nordbotten (2023)

BGG+Čech: full mixed dimensional coupling of tensorial models
Ongoing with D.Holmen, J.Nordbotten, J.Vatne
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fluid flow; Marie E. Rognes,
EMS. Čech–de Rham double complex:

mixed dimensions, coupling, contact

Boon, Holmen, Nordbotten, Vatne (2025)
Boon & Nordbotten (2023)

BGG+Čech: full mixed dimensional coupling of tensorial models
Ongoing with D.Holmen, J.Nordbotten, J.Vatne
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Alt0,0(R) Alt1,0(R)

Alt0,0(R2) Alt1,0(R2) Alt2,0(R2)

Alt0,0(R3) Alt1,0(R3) Alt2,0(R3) Alt3,0(R3)

Alt0,1(R2) Alt1,1(R2) Alt2,1(R2)

Alt0,1(R3) Alt1,1(R3) Alt2,1(R3) Alt3,1(R3)

Alt0,2(R2) Alt1,2(R2) Alt2,2(R2)

Alt0,2(R3) Alt1,2(R3) Alt2,2(R3) Alt3,2(R3)

Alt0,3(R3) Alt1,3(R3) Alt2,3(R3) Alt3,3(R3)

tr tr

tr tr tr

tr tr tr

tr tr tr

displacement metric

curvature loadCosserat rotation connection

torsion angular momentum

density electric field magnetic field pressure

plate transverse deflection

bending moment

load

straindisplacement

Reissner-Mindlin rotation

electric/magnetic field

beam displacement

Čech / Total Complex

BGG (elasticity, Calabi, Köner) complexTwisted de Rham complex: Riemannian-
Cartan geometry, micropolar (Cosserat) media

Full BGG diagram (with form-valued forms)2D: platestrace, restriction: dimension reduction1D: beams

Waterscales: Mathematical
and computational founda-
tions for modelling cerebral
fluid flow; Marie E. Rognes,
EMS. Čech–de Rham double complex:

mixed dimensions, coupling, contact

Boon, Holmen, Nordbotten, Vatne (2025)
Boon & Nordbotten (2023)

BGG+Čech: full mixed dimensional coupling of tensorial models
Ongoing with D.Holmen, J.Nordbotten, J.Vatne
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From Continuous to Discrete
De Rham has chains and cochains.

What plays this role for symmetric tensors?

From discrete topology to discrete differential geometry



Generalizing finite elements: back to de Rham’s currents

Key idea: Incorporating currents (Dirac deltas, functionals) supported on mesh topological entities

Intuition: codimensional geometry, k-forms discretized on (n − k)-cells

Fluid perspective: singular vortex on codim 2 Finite element perspective: currents fit in a complex

grad curl div

b

b b

b
b

nfδ
f

teδ
e

δv

Braess, Schöberl 2008, Licht 2017

25 / 33



Elasticity complex, discrete metric & curvature

Christiansen 2011: Regge calculus = finite elements

Regge finite element

Finite Element Discrete Differential Geometry

Metric: p.w. const sym. (0,2)-tensor Piecewise affine manifold
Degrees of freedom

∫
e g(e, e) Edge lengths

t-t continuity Single-valued edge lengths
distributional curvature (codim 2) angle deficit
Compatibility (D2 = 0) Bianchi identities
Exact sequence Rigidity, ‘fundamental thm’

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature

Cohomology isomorphic to continuous version (Christiansen, KH, Lin 2026, FoCM)

Regge calculus (quantum and numerical GR) ←→ Regge finite elements
T.Regge, General relativity without coordinates. (1961).

Christiansen, On the linearization of Regge calculus. Num. Math. (2011).
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General construction of FEs for form-valued forms

Setting

Λk,ℓ (ℓ-form-valued k-forms) with symmetries

Discretized on k-simplices, as in the Whitney case.

Generalized trace (degrees of freedom)

form slot: ι∗ value slot: ȷ∗

The first k arguments are always tangential.
The value part may involve normals.

ω(v1, . . . , vk)(w1, . . . , wℓ) 7−→ (ι∗ω)(v1, . . . , vk)(w1, . . . , wℓ)

with vi ∈ TK , and wj ∈ TK or NK .

Lowest-order examples

(1, 1) Regge (0, 1) (1, 2)

covector-valued function∫
e ω(t)(t) ds ω(·)(ni ) at vertices

∫
e ω(t)(t, ni )

Tensor analogues of Whitney forms: discrete cochains for
double forms via generalized traces.

A dual picture exists: codimensional version, Dirac measures, k-forms on (n − k)-cells

KH, T. Lin (2025). Finite element form-valued forms: Construction. arXiv.
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

classical Finite Element Exterior Calculus

Nédélec,Raviart–Thomas,Whitney,Bossavit,Hiptmair,Arnold,Falk,Winther...

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

k       

0
1

0
1
2

0
1
2
3

0
1
2
3
4

r = 1

2
2

3
6
3

4
12
12

4

5
20
30
20

5

r = 1

2
1

3
3
1

4
6
4
1

5
10
10

5
1

r = 1

2
1

4
4
1

8
12

6
1

16
32
24

8
1

r = 1

2
2

4
8
3

8
24
18

4

16
64
72
32

5

2

3
3

6
12

6

10
30
30
10

15
60
90
60
15

2

3
2

6
8
3

10
20
15

4

15
40
45
24

5

2

3
2

9
12

4

27
54
36

8

81
216
216

96
16

2

3
3

8
14

6

20
48
39
10

48
144
168

84
15

3

4
4

10
20
10

20
60
60
20

35
140
210
140

35

3

4
3

10
15

6

20
45
36
10

35
105
126

70
15

3

4
3

16
24

9

64
144
108

27

256
768
864
432

81

3

4
4

12
22
10

32
84
72
20

80
272
336
180

35

4

5
5

15
30
15

35
105
105

35

70
280
420
280

70

4

5
4

15
24
10

35
84
70
20

70
224
280
160

35

4

5
4

25
40
16

125
300
240

64

625
2000
2400
1280

256

4

5
5

17
32
15

50
135
120

35

136
472
606
340

70

5

6
6

21
42
21

56
168
168

56

126
504
756
504
126

5

6
5

21
35
15

56
140
120

35

126
420
540
315

70

5

6
5

36
60
25

216
540
450
125

1296
4320
5400
3000

625

5

6
6

23
44
21

74
204
186

56

216
768

1014
588
126

6

7
7

28
56
28

84
252
252

84

210
840

1260
840
210

6

7
6

28
48
21

84
216
189

56

210
720
945
560
126

6

7
6

49
84
36

343
882
756
216

2401
8232

10584
6048
1296

6

7
7

30
58
28

105
294
273

84

328
1188
1602

952
210

7

8
8

36
72
36

120
360
360
120

330
1320
1980
1320

330

7

8
7

36
63
28

120
315
280

84

330
1155
1540

924
210

7

8
7

64
112

49

512
1344
1176

343

4096
14336
18816
10976

2401

7

8
8

38
74
36

144
408
384
120

480
1764
2418
1464

330

2
2

3
3

4
4

5
5

6
6

7
7

8
8

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
1

3
2

4
3

5
4

6
5

7
6

8
7

2
2

3
3

4
4

5
5

6
6

7
7

8
8

3
6
3

6
12

6

10
20
10

15
30
15

21
42
21

28
56
28

36
72
36

3
3
1

6
8
3

10
15

6

15
24
10

21
35
15

28
48
21

36
63
28

4
4
1

9
12

4

16
24

9

25
40
16

36
60
25

49
84
36

64
112

49

4
8
3

8
14

6

12
22
10

17
32
15

23
44
21

30
58
28

38
74
36

4
12
12

4

10
30
30
10

20
60
60
20

35
105
105

35

56
168
168

56

84
252
252

84

120
360
360
120

4
6
4
1

10
20
15

4

20
45
36
10

35
84
70
20

56
140
120

35

84
216
189

56

120
315
280

84

8
12

6
1

27
54
36

8

64
144
108

27

125
300
240

64

216
540
450
125

343
882
756
216

512
1344
1176

343

8
24
18

4

20
48
39
10

32
84
72
20

50
135
120

35

74
204
186

56

105
294
273

84

144
408
384
120

5
20
30
20

5

15
60
90
60
15

35
140
210
140

35

70
280
420
280

70

126
504
756
504
126

210
840

1260
840
210

330
1320
1980
1320

330

5
10
10

5
1

15
40
45
24

5

35
105
126

70
15

70
224
280
160

35

126
420
540
315

70

210
720
945
560
126

330
1155
1540

924
210

16
32
24

8
1

81
216
216

96
16

256
768
864
432

81

625
2000
2400
1280

256

1296
4320
5400
3000

625

2401
8232

10584
6048
1296

4096
14336
18816
10976

2401

16
64
72
32

5

48
144
168

84
15

80
272
336
180

35

136
472
606
340

70

216
768

1014
588
126

328
1188
1602

952
210

480
1764
2418
1464

330

Periodic Table of the Finite Elements
k = 0 k = 0 k = 0 k = 0

r = 1

r = 1

r = 1

n = 1

n = 2

n = 3

r = 2

r = 2

r = 2

r = 3

r = 3

r = 3

k = 1 k = 1 k = 1 k = 1k = 2 k = 2 k = 2 k = 2k = 3 k = 3 k = 3 k = 3

The table presents the primary spaces of finite elements for the 
discretization of the fundamental operators of vector calculus: the 
gradient, curl, and divergence. A finite element space is a space of 
piecewise polynomial functions on a domain determined by: (1) a 
mesh of the domain into polyhedral cells called elements, (2) a finite 
dimensional space of polynomial functions on each element called 
the shape functions, and (3) a unisolvent set of functionals on the 
shape functions of each element called degrees of freedom (DOFs), 
each DOF being associated to a (generalized) face of the element, 
and specifying a quantity which takes a single value for all elements 
sharing the face. The element diagrams depict the DOFs and their 
association to faces.

The spaces  and  depicted on the left half of the table 
are the two primary families of finite element spaces for meshes of 
simplices, and the spaces 
are the two primary families of finite element spaces for meshes of 

 and 
are the two primary families of finite element spaces for meshes of 

 on the right side are for 
meshes of cubes or boxes. Each is defined in any dimension n ≥1 
for each value of the polynomial degree r ≥1, and each value of 
0 ≤ k ≤ n. The parameter k refers to the operator: the spaces consist 
of differential k-forms which belong to the domain of the k th exterior 

derivative. Thus for k = 0, the spaces discretize the Sobolev space H 1, 
the domain of the gradient operator; for k = 1, they discretize H (curl), 
the domain of the curl; for k = n – 1 they discretize H (div), the domain 
of the divergence; and for k = n, they discretize L 2.
The spaces  and , which coincide, are the earliest finite 
elements, going back in the case r = 1 of linear elements to Cou-
rant ,1 and collectively referred to as the Lagrange elements. The 
spaces  and , which also coincide, are the disconti-
nuous Galerkin elements, consisting of piecewise polynomials with 
no interelement continuity imposed, first introduced by Reed and 
Hill. 2 The space  in 2 dimensions was introduced by Raviart 
and Thomas 3 and generalized to the 3-dimensional spaces  
and  by Nédélec, 4 while  is due to Brezzi, Douglas and 
Marini 5 in 2 dimensions, its generalization to 3 dimensions again 
due to Nédélec. 6 The unified treatment and notation of the 

 in 2 dimensions, its generalization to 3 dimensions again 
 

and  families is due to Arnold, Falk and Winther as part of finite 
element exterior calculus, 7 extending earlier work of Hiptmair  for the 

 family. 8 The space  is the span of the elementary forms 
introduced by Whitney. 9 

R. Courant, Bulletin of the American Mathematical Society 49, 1943.
W. H. Reed and T. R. Hill, Los Alamos report LA-UR-73-479, 1973.
P. A. Raviart and J. M. Thomas, Lecture Notes in Mathematics 606, Springer, 1977.
J. C. Nédélec, Numerische Mathematik 35, 1980.
F. Brezzi, J. Douglas Jr., and L. D. Marini, Numerische Mathematik 47, 1985.
J. C. Nédélec, Numerische Mathematik 50, 1986.
D. N. Arnold, R.S. Falk, and R. Winther, Acta Numerica 15, 2006.
R. Hiptmair, Mathematics of Computation 68, 1999.
H. Whitney, Geometric Integration Theory, 1957.
D. N. Arnold, D. Boffi, and F. Bonizzoni, Numerische Mathematik, 2014.
D. N. Arnold and G. Awanou, Mathematics of Computation, 2013.
A. Logg, K.-A. Mardal, and G. N. Wells (eds.), Automated Solution of Differential 
Equations by the Finite Element Method, Springer, 2012.
R. C. Kirby, ACM Transactions on Mathematical Software 30, 2004.
A. Logg and G. N. Wells, ACM Transactions on Mathematical Software 37, 2010.
M. Alnæs, A. Logg, K. B. Ølgaard, M. E. Rognes, and G. N. Wells, ACM Transactions 
on Mathematical Software 40, 2014.

1.
2.
3.
4.
5.
6.
7.
8.
9.

10.
11.
12.

13.
14.
15.

The family  of cubical elements can be derived from the 1-di-
mensional Lagrange and discontinuous Galerkin elements by a tensor 
product construction detailed by Arnold, Boffi and Bonizzoni, 10 but for 
the most part were presented individually along with the correspon-
ding simplicial elements in the papers mentioned. The second cubical 
family  is due to Arnold and Awanou. 11 

The finite elements in this table have been implemented as part of 
the FEniCS Project.12, 13, 14 Each may be referenced in the Unified Form 
Language (UFL) 15 by giving its family, shape, and degree, with the 
family as shown on the table. For example, the space 

 by giving its family, shape, and degree, with the 
 may 

be referred to in UFL as:
FiniteElement("N2E", tetrahedron, 3) 

Alternatively, the elements may be accessed in a uniform fashion as:
FiniteElement("P-", shape, r, k)
FiniteElement("P", shape, r, k)
FiniteElement("Q-", shape, r, k)
FiniteElement("S", shape, r, k)

for 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, 
FiniteElement("S", shape, r, k)

, and 
FiniteElement("S", shape, r, k)

, respectively.

("P", interval, 1) ("P", interval, 1)("DP", interval, 0) ("DP", interval, 1)

("P", interval, 2) ("P", interval, 2)("DP", interval, 1) ("DP", interval, 2)

("P", interval, 3) ("P", interval, 3)("DP", interval, 2) ("DP", interval, 3)

2 21 2

3 32 3

4 43 4

P1 P1dP0 dP1

P2 P2dP1 dP2

P3 P3dP2 dP3

3 3 4 44 81 3

9 812 144 6

16 12 229 10

8 812 246 181 4

27 2054 4836 398 10

64 32144 84108 7227 20

1 3

4

4

44 12

6 63 6

10 1015 30

10 106 10

20 2036 60

3 6

6 121 4

8 12

20 304 10

15 20

45 6010 20

("P", triangle, 1) ("P", triangle, 1) ("Q", quadrilateral, 1) ("S", quadrilateral, 1)("RTC[E,F]", quadrilateral, 1) ("BDMC[E,F]", quadrilateral, 1)("DQ", quadrilateral, 0) ("DPC", quadrilateral, 1)

("Q", quadrilateral, 2) ("S", quadrilateral, 2)("RTC[E,F]", quadrilateral, 2) ("BDMC[E,F]", quadrilateral, 2)("DQ", quadrilateral, 1) ("DPC", quadrilateral, 2)

("Q", quadrilateral, 3) ("S", quadrilateral, 3)("RTC[E,F]", quadrilateral, 3) ("BDMC[E,F]", quadrilateral, 3)("DQ", quadrilateral, 2) ("DPC", quadrilateral, 3)

("Q", hexahedron, 1) ("S", hexahedron, 1)("NCE", hexahedron, 1) ("AAE", hexahedron, 1)("NCF", hexahedron, 1) ("AAF", hexahedron, 1)("DQ", hexahedron, 0) ("DPC", hexahedron, 1)

("Q", hexahedron, 2) ("S", hexahedron, 2)("NCE", hexahedron, 2) ("AAE", hexahedron, 2)("NCF", hexahedron, 2) ("AAF", hexahedron, 2)("DQ", hexahedron, 1) ("DPC", hexahedron, 2)

("Q", hexahedron, 3) ("S", hexahedron, 3)("NCE", hexahedron, 3) ("AAE", hexahedron, 3)("NCF", hexahedron, 3) ("AAF", hexahedron, 3)("DQ", hexahedron, 2) ("DPC", hexahedron, 3)

("DP", triangle, 0) ("DP", triangle, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", tetrahedron, 1)

("P", triangle, 2) ("P", triangle, 2)("DP", triangle, 1) ("DP", triangle, 2)

("P", tetrahedron, 2) ("P", tetrahedron, 2)

("P", triangle, 3) ("P", triangle, 3)("DP", triangle, 2) ("DP", triangle, 3)

("P", tetrahedron, 3) ("P", tetrahedron, 3)

("RT[E,F]", triangle, 1) ("BDM[E,F]", triangle, 1)

("N1E", tetrahedron, 1) ("N2E", tetrahedron, 1)("N1F", tetrahedron, 1) ("N2F", tetrahedron, 1)("DP", tetrahedron, 0) ("DP", tetrahedron, 1)

("RT[E,F]", triangle, 2) ("BDM[E,F]", triangle, 2)

("N1E", tetrahedron, 2) ("N2E", tetrahedron, 2)("N1F", tetrahedron, 2) ("N2F", tetrahedron, 2)("DP", tetrahedron, 1) ("DP", tetrahedron, 2)

("RT[E,F]", triangle, 3) ("BDM[E,F]", triangle, 3)

("N1E", tetrahedron, 3) ("N2E", tetrahedron, 3)("N1F", tetrahedron, 3) ("N2F", tetrahedron, 3)("DP", tetrahedron, 2) ("DP", tetrahedron, 3)

P1 P1 Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

dP0 dP1

P1

P1

P1

P2 P2dP1 dP2

P2 P2

P3 P3dP2 dP3

P3 P3

N11 N21 N21N11

N12 N12

N13 N13

dP0 dP1

dP1 dP2

dP2 dP3

N1e N1f

N1e N1f

N1e N1f

("Q", interval, 1) ("S", interval, 1)("DQ", interval, 0) ("DPC", interval, 1)

("Q", interval, 2) ("S", interval, 2)("DQ", interval, 1) ("DPC", interval, 2)

("Q", interval, 3) ("S", interval, 3)("DQ", interval, 2) ("DPC", interval, 3)

2 21 2

3 32 3

4 43 4

Q1 S1dQ0 dPc1

Q2 S2dQ1 dPc2

Q3 S3dQ2 dPc3

n = 1n = 1 n = 1 n = 1

n = 2n = 2 n = 2 n = 2

n = 3n = 3 n = 3 n = 3

n = 4n = 4 n = 4 n = 4
Weight functions 
for DOFs

Symbol of element

Element with degrees 
of freedom (DOFs)

Legend Finite elements References

Dimension of element 
function space

Finite element exterior 
calculus notation

Element specification 
in FEniCS

24

Concept and scientific content: Douglas N. Arnold (University of Minnesota) and Anders Logg (Chalmers University of 
Technology). Graphic design: Mattias Schläger. The production of this poster has been supported by Simula Research 
Laboratory and is partially based on work supported by the U.S. National Science Foundation under grant DMS-1115291. 
Findings do not necessarily represent the views of Simula or of the NSF. Produced in 2014 and licensed under a Creative 
Commons Attribution-ShareAlike 4.0 International license.

femtable.org

[e/f]

RT[e/f]RT1
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BDMc[e/f]

BDM1 BDMc1
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

distributional de Rham complex (currents).

Braess, Schöberl 2008: equilibrated residual error estimator
Licht 2017: double complex d Dietrich Braess Joachim Schöberl

Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025)
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Christiansen’s interpretation of Regge calculus as finite elements d Tullio Regge Snorre Christiansen

Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025)
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

Hessian complex, unified structures identified. d Ting Lin Qian Zhang

Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025)
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

divdiv complex : plate, elasticity (Schöberl, Sinwel 2007),
Einstein–Bianchi formulation for relativity. d Astrid Pechstein Joachim Schöberl

Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025)
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Towards a finite element periodic table for tensors

Alt−1,−1

Alt0,0 −→ Alt1,0 −→ Alt2,0 −→ Alt3,0

Alt0,0 −→
↙
−→ Alt1,1 −→ Alt2,1 −→ Alt3,1

Alt0,1 −→ Alt1,1 −→
↙
−→ Alt2,2 −→ Alt3,2

Alt0,2 −→ Alt1,2 −→ Alt2,2 −→
↙
−→ Alt3,3

Alt0,3 −→ Alt1,3 −→ Alt2,3 −→ Alt3,3

Alt4,4

distributions, currents, Dirac delta

piecewise polynomials

Patterns, Symmetries, Duality.
functions (classical finite elements) v.s. Dirac measures (currents). any dimension, any degree.

Classical Finite Element Periodic Table (last row) is the special case of the
generalised Table where all spaces are piecewise polynomials.

Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025)
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The full diagram incorporates a discrete torsion

BGG diagram encodes both curvature and torsion.
Extending the Regge elasticity complex to the full BGG diagram yields discrete torsion.

Regge calculus
metric curvature

def inc div

b

b b

b

b

bb

b

[C0P1]
3

Regge Regge∗ [C0P1]
3∗

∑
e ceδeτe ⊗ τe

∑
v cvδv

metric (singular) curvature

Christiansen (2011)

Riemann–Cartan extension
coframe torsion

connection curvature
Christiansen–Hu–Ting (2023)

Christiansen, On the linearization of Regge calculus. Num. Math. (2011).
Christiansen, KH, & Lin, Extended Regge complex for linearized Riemann-Cartan geometry and cohomology. FoCM (2026)

29 / 33



Representation theory behind tensor complexes
Tensor symmetries are classified by Young tableaux.

⊗ ∼= ⊕ ⊕

Irreducible components
▶ 4-forms
▶ skew (2, 2)-forms
▶ Riemann-type tensors

Canonical projections:
▶ Bianchi symmetrization
▶ Kulkarni–Nomizu operator

BGG perspective
Alt2⊗Alt2

Alt1⊗Alt3

Alt0⊗Alt4

S1,3

S0,4

BGG, Representation theory =⇒ continuous and discrete tensor decomposition
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Canonical projections:
▶ Bianchi symmetrization
▶ Kulkarni–Nomizu operator

BGG perspective
Alt2⊗Alt2

Alt1⊗Alt3

Alt0⊗Alt4

S1,3

S0,4

BGG, Representation theory =⇒ continuous and discrete tensor decomposition
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Application: Monge-Ampére equations

Curvature identity:

uxxuyy − u2
xy = −∂2

x (1
2u2

y ) + ∂x∂y (uxuy ) − ∂2
y (1

2u2
x )

Gauss curvature, not defined if u /∈ C1

well defined: moving derivatives to test

▶ Ball’s existence proof of nonlinear elasticity (compensated compactness)
▶ conservation law (divergence structure)

Collaborators: Gui-Qiang Chen (Oxford), Ganghui Zhang (HK PolyU), Michael Neunteufel (TU Wien) 31 / 33



Application: Monge-Ampére equations

Curvature identity:

uxxuyy − u2
xy = −∂2

x (1
2u2

y ) + ∂x∂y (uxuy ) − ∂2
y (1

2u2
x )

det(hess u)

rot rot(∇u ⊗ ∇u)

▶ Peter Olver, Differential hyperforms I. (1982)

Collaborators: Gui-Qiang Chen (Oxford), Ganghui Zhang (HK PolyU), Michael Neunteufel (TU Wien) 31 / 33



Application: Monge-Ampére equations

uxxuyy − u2
xy = −∂2

x (1
2u2

y ) + ∂x∂y (uxuy ) − ∂2
y (1

2u2
x )

det(hess u)

rot rot(∇u ⊗ ∇u)

det(hess u) = f in Ω, u = g on ∂Ω,

Regge–Lagrange discretization:

uh ∈ Lagrange(Th), σh = ∇uh ⊗ ∇uh ∈ Regge(Th)

Weak form:

⟨rot rot(∇uh ⊗ ∇uh︸ ︷︷ ︸
Regge

)

︸ ︷︷ ︸
Lagrange∗

, vh⟩ = (f , vh), ∀vh ∈ Lagrange0

Linear differential complex can solve fully nonlinear equations

Lagrange element

x Th

Regge element

BGG complex

Collaborators: Gui-Qiang Chen (Oxford), Ganghui Zhang (HK PolyU), Michael Neunteufel (TU Wien) 31 / 33



Convergence: intrinsic FE for Monge-Ampère

Ex1 (smooth square): u = e(x2+y2)/2

−1.0 −0.5 0.0 0.5 1.0
x

−1.00

−0.75

−0.50

−0.25

0.00

0.25

0.50

0.75

1.00

y

Ex1: uh, k= 3, h= 0.05

1.2

1.4

1.6

1.8

2.0

2.2

2.4

2.6

u h

Ex2 (nonconvex L-domain): u = (x2 + y2)2

−1.0 −0.5 0.0 0.5 1.0
x

−1.00

−0.75

−0.50
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y

Ex2: uh, k= 3, h= 0.05
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0.5

1.0
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3.5

u h

0.4 0.2 0.1 0.05
mesh size h

10−7

10−6

10−5

10−4

10−3

10−2

10−1

er
ro

r

‖u− uh‖L2

reference slopes
h2

h3

h4

0.4 0.2 0.1 0.05
mesh size h

10−5

10−4

10−3

10−2

10−1

100

|u− uh|H1

reference slopes
h1

h2

h3

0.4 0.2 0.1 0.05
mesh size h

10−4
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10−2

10−1

100

101

‖σh− Y[u]‖L2

reference slopes
h1

h2

h3

k= 1 k= 2 k= 3 Ex1 Ex2

Numerical tests using NGSolve https://ngsolve.org
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FETC as a Language for Discrete Geometric Structures

Finite Element Tensor Calculus

FEEC FETC

Differential forms Tensor fields

Discrete topology Discrete geometry

Finite elements are only one realization.
Meshes • Graphs • Networks • Cell complexes • Discrete manifolds • · · ·

Discretize the geometry,
not individual equations.

(A. Bobenko & Y. Suris, Discrete Differential Geometry)
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Collaborators: Relaxation

Boris
Andrews
Oxford

Patrick
Farrell
Oxford

Mingdong He
Oxford

Ganghui
Zhang
Oxford

▶ Topology-preserving discretization for
the magneto-frictional equations arising
in the Parker conjecture, M. He, P. E.
Farrell, K. Hu, B. D. Andrews; SISC
(2025)

▶ Global and local helicity-preservation in
the finite element discretisation of
magnetic relaxation, P.E. Farrell, M. He,
K. Hu, & G. Zhang, arXiv (2026).

Collaborators: Dynamo

Daniele Boffi
KAUST

Yizhou Liang
Oxford

Umberto
Zerbinati

Oxford

Jindong Wang
Oxford

▶ FEEC for advection-diffusion eigenvalue,
D. Boffi, K. Hu, Y. Liang, S. Zampini,
U. Zerbinati; in preparation

▶ Long-term asymptotics of FEEC for
advection-diffusion, K. Hu, J. Wang, U.
Zerbinati; in preparation



Collaborators: BGG & Discrete Geometry

Douglas
Arnold

Minnesota

Andreas Čap
Vienna

Snorre
Christiansen

Oslo

Jay Gopalakr-
ishnan

Portland State

Ting Lin
Peking

Joachim
Schöberl
TU Wien

Qian Zhang
Jilin

▶ Complexes from complexes, D. Arnold, K. Hu; Found. Comput. Math. (2021). framework & continuous
construction

▶ BGG sequences with weak regularity and applications, A. Čap, K. Hu; Found. Comput. Math. (2024). more
general framework, continuum models

▶ Distributional Hessian and divdiv complexes on triangulations and cohomology, K. Hu, T. Lin, Q. Zhang; SIAM
J. Appl. Algebra Geom. (2025). distributional BGG complexes, cohomology

▶ Finite element form-valued forms, K. Hu, T. Lin; arXiv (2025). FE systematic construction
▶ A 2-complex containing Sobolev spaces of matrix fields, J. Gopalakrishnan, K. Hu, J. Schöberl; arXiv (2025).

matrix-valued complexes
▶ Extended Regge complex for linearized Riemann–Cartan geometry and cohomology, S. H. Christiansen, K. Hu,

T. Lin; Found. Comput. Math. (2026). Cartan geometry & cohomology



A Community Effort towards FETC

Related talks at FoCM PDE Workshop:

ESI Thematic Program (2026, April-June)
Differential Complexes: Theory, Discretization,

and Applications
Organizers:

Andreas Čap (University of Vienna)
Ralf Hiptmair (ETH Zürich)

Kaibo Hu (University of Oxford)
Joachim Schöberl (TU Wien)
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