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Course Description

Aux Space
Theory Abstract

1. Brri ® Auxiliary space theory: a unified framework for analyzing various iterative

" methods for solving linear systems

® Sharp convergence estimates of iterative methods using elementary linear
algebra: identities for the error propagation operator and the condition
number

® Various applications: subspace correction methods, Hiptmair—Xu
preconditioners, saddle point problems, and iterative substructuring
methods

References

@ JP. Unified analysis of saddle point problems via auxiliary space theory
(2025+).

@ JP and J. Xu. Auxiliary space theory for the analysis of iterative methods
for semidefinite linear systems (2025+).

© J. Xu and L. Zikatanov. Algebraic multigrid method (Acta Numer. 2017).
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Syllabus

Aux Space
Theory

J. Park @ Chapter 1: Basic iterative methods

® |inear systems and iterative methods

® Abstract theory of iterative methods

® Richardson, Jacobi, and Gauss—Seidel methods

® Steepest descent and conjugate gradient methods

@ Chapter 2: Auxiliary space theory

® Auxiliary space theory
® Subspace correction methods
® Hiptmair—Xu preconditioners

© Chapter 3: Applications to saddle point problems

® Saddle point problems

® Sharp estimates for Schur complements
® Augmented Lagrangian method

® Mixed finite element methods

® FETI-DP
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Chapter 1. Basic lterative Methods
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Aux Space
Theory

J. Park

1.1. Linear
systems and
iterative
methods

Linear systems

® Let V be a finite-dimensional vector space with inner product (-, -)

and norm || - ||.

® Consider the linear system:
Au=f,

where A: V — V is a SPD linear operator and f € V.

o A=A,
® (Av,v) > pllv|)? for any v € V, for some i > 0.

Proposition 1

(Linear)

Given u € V, it is a solution to the linear system (Linear) if and only if it

solves the quadratic optimization problem

min {J(v) — %(Av, V) = (f, v)} .

6/120



A two-point boundary value problem

Aux Space . . )
Theory Consider the 1D Poisson equation:

J. Park 1

—u"=f, xeQ:=(0,1), u(0) =0, (1) =0.

1.1. Linear
systems and

iterative Variational formulation
methods

® Introduce the function space (Sobolev space):

V ={v e C(Q): v is piecewise differentiable, v(0) = 0}.

® Variational formulation: Find v € V such that
a(u,v)=(f,v) Vvev,

where L
a(u,v) = / u'vidx, uveV.
0
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Finite element discretization

® Consider a uniform partition of (0, 1) with grid points
Aux Space 3 3
Theory XJ:JI'I, (JZO,,N,/'I:]./N)
J. Park

® Define the linear finite element space:
1.1. Linear

systems and Vi={veCQ): V|(xy_y,%) is linear, 1 < j < N, v(0) = 0}.

iterative

methods

® Nodal basis functions {@;(x)}Y; are defined as:

Lﬁ, if x € [xi—1, ui],
(p,-(x) = w, if x € [u,-,X,'+1],
0, otherwise.

o e 28 1 48 59 23 7 &9
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Aux Space
Theory

J. Park

1.1. Linear
systems and
iterative
methods

Finite element method

Finite element method

® Galerkin approximation of the variational formulation: Find u, € V,,

such that

a(up,v) = (f,v), veE V.

® We express uj, with the nodal basis:

up(x) = Z uipi(x)  with  uj = up(wi).

® We obtain an equivalent linear algebraic system:

N
> u
i=1

Equivalently,

Anup = fn,

Ia((p”(pj):(f7<pj)’ j:1727""N'

where Ay = [a(gj, o)1, fo = [(F, )]}
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Aux Space
Theory

J. Park

1.1. Linear
systems and
iterative
methods

Iterative methods

An iterative method is a procedure that starts from an initial guess and

generates a sequence of increasingly accurate approximations to the
solution of a problem.

fix)

X ) =2 ==
Given x;,
Kooy =5 = f)f )i =0,1,2,. ..

When solving the discrete system Apup = fh:

* Naive Gaussian elimination (direct method):

O(N?)  computational cost

® Multigrid method (iterative method):
O(N) computational cost  (optimal)

Iterative methods are at the heart of scientific computing.
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Aux Space
Theory

J. Park

1.1. Linear
systems and
iterative
methods

Examples of iterative methods

Jacobi method
® For a 3 x 3 linear system, the Jacobi iteration updates as:
m+1 m m __ f
aiily —|—312u2 +313U3 =n,

m m+1 m __
aoiuy + agpuy 4 axuz = b,

331U:'lﬂ + 332U£" + 333ugn+1 =f.

® Each component is updated using only values from the previous

iteration.

Gauss—Seidel method
® Improves Jacobi by using the most recent values:
anu™™ F apud + apsuf = f,
=921U;'1"Jrl + 322U£7+:l + axuy’ = b,

m-+1 m-+1 m+1 __
aziu] " +aznuy  +asuy =1
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Examples of iterative methods

Domain decomposition method

Aux Space

Theory ® Domain decomposition = space decomposition:

J J
o=, Vi=)_ W
i=1 i=1

where each V; is a local subspace.

J. Park

1.1. Linear
systems and
iterative
methods

® |llustration of effects of local corrections

INITIAL GUESS

Woggppelts Wee- ooyl

ALF SOLVED AFTER SMOOTHING

il o e

it coSHRSS
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Examples of iterative methods
Multigrid method

Aux Space
Theory

J. Park VD Vopr D VypD---D Vy.

® Builds a hierarchy of nested spaces:

L1. Linear ® At each level, apply smoothing (e.g., Gauss—Seidel), then

systems and . . .
iterative transfer residuals to coarser grids for correction.

methods

O(Nﬁ) + O(Ngh) + O(N4n) +.--= O(Nn)

Vgh = (GS)Qn O(Ngn)

+ Ny

V‘m = (GS)4h C)(NM;)
+ N
Van .
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iterative
methods
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Abstract iterative methods

Aux Space . . . .
Theory An abstract iterative method for solving Au = f consists of three

J. Park SteP53
@ Compute the residual: r™ ! =f — Au™ L.
® Approximate the error: solve Ae = r™~1 approximately, i.e.,

1.2. Abstract Am o __ m—1
theory of € = Br .
iterative
methods

© Update the solution: u” = u™ 1 4 &".

The iterative method is expressed as:
um = um Tt B(F - Au™Th), m> 1, (Iter)

where B: V — V is a linear operator that serves as an approximate
inverse of A.

15/120



Examples of iterative methods

Aux Space
Theory

1. Ga In the form

we have
1.2. Abstract wl
theory of
iterative B={pD1
methods 1
(D+ L)~
where

® D is the diagonal part of A,

um =u" £ B(b—Au™ Y, m>1

® [ is the strictly lower triangular part,

® U is the strictly upper triangular part.

)

Richardson,
Jacobi,

Gauss—Seidel,

(Iter)
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Choosing the operator B

Aux Space
Theory

1. G Two key factors when selecting B:

@ Accuracy: B should provide an accurate approximation of AL

® Most accurate choice: B = A~! (fastest one-step

1.2. Abstract convergence but computationally expensive).

theory of
iterative
methods

® Computational cost: B must be computationally efficient.

® |east expensive choice: B =/ (minimal computational
cost but slow convergence).

© An effective choice of B balances accuracy and computational
cost.
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Aux Space
Theory

J. Park

1.2. Abstract
theory of
iterative
methods

Convergence

® An iterative method {u™} is said to be convergent if

lim v™=u forany u®e V.
m— o0

® Error propagation of (lter):

u—um=(-BA(u—u"1, m>1.

The iterative method (lter) is convergent if and only if

| — BA) := Al < 1.
p( ) AGJ?FZ(BAJ | <

I .

If the iterative method (Iter) is convergent, then the operator B is
nonsingular.

V.
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Symmetrized iterations

Al_JI}hSpace ® We consider the symmetrized iterative scheme:
eory
J. Park L S +B(f - Aumﬂ)’
. . m> 1. (Symlter)
um = um_7 + Bt(f - Aum_i),
Y — ® This is equivalent to:
theory of —
iterative um = 1_1'"71 + B(f — /4u"771)7 m > 17

methods
where _
B=B"+B-B'AB,

which is called the symmetrized operator.

® Example: Symmetrized Gauss—Seidel method

B=(D+101)",
B=(D+L)'D(D+L)™"
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Aux Space
Theory

J. Park

1.2. Abstract
theory of
iterative
methods

Convergence theory using symmetrized iterations

Theorem 4 (Convergence of the abstract iterative method)

For an SPD linear system, the following are equivalent:
@ The symmetrized iterative method (Symlter) converges.
@ The operator B= B* + B — B*AB is SPD.
@ The operator B is nonsingular and D = B~ + B~ — A is SPD.

Furthermore, if any of these conditions hold, we have

lvila=1

-1
Il — BA||A = Amax(/ — BA) =1 — ( sup (B7'v, v)) :

.

The iterative method (lter) converges if its symmetrized version (Symlter)

converges.

.

1J. Xu and L. Zikatanov. Algebraic multigrid method (Acta Numer.
2017).
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Aux Space
Theory

J. Park

1.2. Abstract
theory of
iterative
methods

Convergence theory using symmetrized iterations

Proof of Theorem 4.

® By direct calculation, we have
I = BAYI = (1 = BAYY, )a = [vII3 = (BAV, V)a.
® |t follows that

I = BA|Z = sup . (1 = BAW[Z = sup ((I = BA)v,v)a

[vlla= [vlla=1

= Amax(/ — BA) = 1 — Anin(BA).

® Therefore,
p(I = BA)? < ||l — BA||% = p(I — BA) = 1 — Amin(BA),

which implies (i) < (ii).

® Since (ii) implies B is nonsingular, the identity
B=Bi(B t'+B™!— AB=B'DB

gives the equivalence (ii) < (iii).

V.
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Aux Space
Theory

J. Park

1.2. Abstract
theory of
iterative
methods

Proof of Theorem Iter (continued).

® Assuming any of (i)—(iii) holds:

Convergence theory using symmetrized iterations

Amin(BA) > 0 = Anin(BA) = [Amax((BA)~H)] 7L

® We obtain

Amax((BA)™1) = sup ((BA) lv,v)a= sup (B~ lv,v).

[Iv]la=1 [Ivila=1

® Therefore, we conclude

Il — BA||2 =1 — Amin(BA) =1 — < sup (B7!

[Ivila=1

which completes the proof.

=i
V7 V)) b
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Aux Space
Theory

J. Park

1.2. Abstract
theory of
iterative
methods

Equivalent characterizations

The following are equivalent:

®
i}
il
(iv)

The symmetrized iterative method converges.
The operator B = B + B' — B'AB is SPD.
The operator B is nonsingular and the operator D=B"1+B"t— Ais SPD.

The operator B is nonsingular and there exists a constant w € (0, 2) such that

(% _ 1) (Av,v) < (Dv,v) Vv e V.

The operator B is nonsingular and there exists a constant w € (0, 2) such that
(2 — w)(Bv,v) < (Bv,v) VveEV.
The operator B is nonsingular and there exists a constant w € (0, 2) such that
(Av,v) < w(B_lv, v) VveVv.

The operator B is nonsingular and there exists a constant w € (0, 2) such that

(BAv, BAv)s < w(BAv,v)y Vv E V.

v
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1.3.
Richardson,
Jacobi, and
Gauss—Seidel
methods

Table of Contents

1.3. Richardson, Jacobi, and Gauss—Seidel methods
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Aux Space
Theory

J. Park

1.3.
Richardson,
Jacobi, and
Gauss—Seidel
methods

Richardson iteration

Richardson iteration

® Simplest iterative method with

B=wl, where w>0.

® The Richardson iteration is given by

u™ = um T w(f - Au™h,

® The method converges if and only if

2

O<w< ——.

p(A)
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Aux Space
Theory

J. Park

1.3.
Richardson,
Jacobi, and
Gauss—Seidel
methods

Gradient descent method

Gradient descent method

® Consider the SPD linear system Au = f with an equivalent
optimization formulation:

min {J(v) = %(Av, v) - (f, v)} .

vev

® Gradient descent updates in the direction of negative gradient:

u™ = o™t — VW™, m>1.

® Since VJ(v) = Av — f, the method becomes:

um = umt —w(AUmT —f), m>1.

® This is identical to Richardson iteration.

26 /120



Jacobi

Aux Space
Theory

J. Park

1.3.
Richardson,
Jacobi, and
Gauss—Seidel
methods

Jacobi method

® For a 3 x 3 system, the Jacobi method is given by

m m—1 m—1
aiiuy + anpu, ~ + aizus =f
m—1 m m—1
arilh + axuy + axus =h

m—1 m—1 m
asiuy 4+ asu, 4 assu; =f

® Updates each component by solving the corresponding equation with

old data.

® General form: For

m
uj

i=1,...,n

n
m—1 —1 m—1
=u ta | fi- E ajju;
j=1
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Gauss—Seidel Method

Aux Space
Theory

J. Park Gauss—Seidel method

® |mproves Jacobi by using the most current estimates:

m m—1 m—1
anuy + anpu;, T4 aisu;  =h

m m m—1
auy + anu; +axnu;  =hH
2]

m m m
asiuy + azu; + assus

13.

Richardson, ® General form: Fori=1,...,n
Jacobi, and

Gauss—Seidel

methods n

i—1
m m—1 —1 m m—1
u =u 4 ay fi—E ajuj —E aju;
Jj=1

j=i
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Matrix splitting formulation

Aux Space
Theory

® We split the matrix A= D + L 4 U, where
J. Park

® D is the diagonal part of A,
® [ is the strictly lower triangular part,
® U is the strictly upper triangular part.

® The Jacobi and Gauss—Seidel methods are written as:

Du™ + (L+ U)u™ ' =f (Jacobi),
L3. (D+ L)u™ + Uu™ " = f (Gauss-Seidel).

Richardson,

Jacobi, and
Gauss—Seidel
methods

® In the form u™ = u™ ' + B(f — Au™"), we have

bt Jacobi,
(D4 L)™' Gauss-Seidel.
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Convergence of Jacobi and Gauss—Seidel Methods

Aux Space

Theory Theorem 7 (Convergence of the Jacobi and Gauss—Seidel methods)

b (T3 Assume that A is SPD. Then we have the following:
® The Jacobi method converges if and only if 2D — A is SPD.

® The Gauss—Seidel method always converges. Moreover, we have

1 1
I-BAla=1-—=1-
H ”A a 1+ Co,
where
1.3.
Richardson, D L D—l D Lt LD_1Lt
Jacobi, ar,d c1 = sup (( + ) ( + )V7 V)’ Co = sup w
Gauss—Seidel v£0 (V, V)A v=£0 (V, V)A

methods

1J. Xu and L. Zikatanov. The method of alternating projections and
the method of subspace corrections in Hilbert space (J. Amer. Math. Soc.
2002).

2). Xu and L. Zikatanov. Algebraic multigrid method (Acta Numer.

2017).
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1.4. Steepest
descent and
conjugate
gradient
methods

Table of Contents

1.4. Steepest descent and conjugate gradient methods
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J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Optimization formulations of linear systems

Proposition 8

Let A: V — V be a SPD linear operator, and f € V. Given u € V, itis a
solution to the linear system

Au=f

if and only if it solves the quadratic optimization problem

‘%i\r}{J(v) = %(Av, v) — (f, v)}.
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Line search and steepest descent

Aux Space
Theory ® Line search determines an optimal step size along the search direction p™~1
1. Brrt by minimizing the energy functional:
Wm—1 = arg min J(u™ ! +wp™ ).
weR
® For quadratic J, the minimizer is:
rm m
m = ( P ) ’ m 2 07
(Ap™, pm)

where r™ = f — Au™.

® The steepest descent method combines gradient descent with line search:

1.4. Steepest

descent and p""—l — _VJ(um—l) _ rm—l,
conjugate
i -1 ,m—1
gradient _ rm p _
um =y gpm 1

methods

(Apm—l7 pm—l)

33/120



Aux Space
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J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Steepest descent method

Steepest descent method: locally optimized gradient descent method

Algorithm 1 Steepest descent method

Given u® € V
P =f— A
for m=1,2,... do
_ (rm—l,rmfl)
Wm—1 = (aemt, et
uym = ym-1 + wm_lrmfl
rm = rmfl _ wmflAt’mil
end for

Theorem 9

The steepest descent method satisfies:

m x(A) —1 m—
Ju— e < (SR ) Nu= o™ e, m> 1
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Aux Space
Theory

J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Steepest descent method

® |t follows that

—u™||a = min |[|[(I—aA)(u—u"Y)||a < ( minp(/ — cA —u™ Y|
lu—u"lla ggﬁll( aA)(u—u )”A_(g‘e'%P( a )) lu—u™""la

® Note that

p(l — aA) = )\max |1 — aX| = max{1l — aAmin(A), =1 + cAmax(A) }.
€

o (A)

® Hence, p(I — aA) is minimized when

2
a Amin(A) + )‘max(A) ’

attaining the minimum value

p(l — ah) =

)\max(A) - Amin(A) _

Kk(A)—1

)\max(A) aF >\min (A)

T R(A) 17

O
y
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Krylov spaces and the conjugate gradient method

Aux Space
Theory

J. Park
Krylov spaces: A systematic way of achieving mutually A-orthogonal search

directions
Ko ={0}, Km=span{po,Apo,...,A" 'po}, m=1,2,...
® Ko CKyC...

Conjugate gradient method Find uy, € Ky such that

(Aum,v) = (f,v), vEKn.

1.4. Steepest
descent and
conjugate
gradient
methods

36/120



Conjugate gradient method

Aux Space
Theory

J. Park

Algorithm 2 Conjugate gradient method

Given up € V; o =f — Aug; po = ro
form=1,2,... do
(fm—15rm—1)
o = —————
M (Apm—1:Pm—1)
Um = Un—1 + OmPm—1
'rm = Im—1 — O4mAPm—1

ﬁm — T (rm,rm)

rm—lf’m—l)
Pm = tm+ ﬂmpmfl
end for

1.4. Steepest
descent and Computational cost per iteration: Only one operator-vector multiplication and

conjugate
gradient
methods

two inner products
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Aux Space
Theory

J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Convergence analysis

If um is the mth iterate of the conjugate gradient method, then we have the
following:
® um—ug € Km and (Aum,v) = (f,v) for all v € Kpm.

® llu—umlla=infy,cuircp U= Vmlla-

The conjugate gradient method satisfies:

k
rk(A) —1
||u—um||As2< (4) )mu—uonA.

VE(A) + 1

Proof of Theorem 11 can be done by using the Chebyshev polynomials.
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Aux Space
Theory

J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Convergence for ill-conditioned problems

The conjugate gradient method still convergences even when we do not have a
positive lower bound on the eigenvalues of A, i.e., A is ill-conditioned.

The conjugate gradient method satisfies:

Amax(A) | uo — ul|?

2
u—u <
|| mllA = ( 1)2

Proof of Theorem 12 can be done by using the Jacobi polynomials.
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J. Park

1.4. Steepest
descent and
conjugate
gradient
methods

Preconditioners

A preconditioner B: V — V is a SPD linear operator.

We transform the system Au = f into the preconditioned system:

BAu = Bf.

® This system is SPD with respect to the (-,-)g—1-inner product.

We construct B that approximates A~! so that

K(BA) < K(A).

Extreme choices:

® B = A~!: Smallest possible condition number (1), but difficult to

compute.

® B = [: Easy to compute, but no improvement in conditioning.

A good preconditioner balances approximation quality and computational

efficiency.
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Preconditioned conjugate gradient method

Preconditioned conjugate gradient method: Conjugate gradient method for

Aux S - o . .
l-?he('::;ce solving the preconditioned system BAu = Bf using the (-,-)g—_1-inner product

J. Park

Algorithm 3 Preconditioned conjugate gradient method

Given ugp € V; rp = f — Aug; po = Bny
form=1,2,... do
= (rm—1,Brm—1)
M (Apm—1,Pm—1)
Um = Um—1 + QOmPm—1
m = rm—1— &mApPm—1
6 — (rm,Brm)
™ (rm—1,Brm—1)
Pm = Brm + Bmpm-1
end for

1.4. Steepest
descent and
conjugate
gradient
methods

The preconditioned conjugate gradient method satisfies:

= mlla < 2 <szgj\‘;:> = wolla.
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Summary

® Abstract Theory of Iterative Methods

Aux Space ® |terative method for solving the SPD linear system Au = f:

Theory m m—1 m—1
um =u + B(f —Au™™%), m>1.
J. Park

® The method converges if the symmetrized method converges, and we
have

-1
Il —BAZ=1— < sup (B71v, v)) .

lIvila=1
® The convergence theorem can be applied to analyze the Richardson,
Jacobi, and Gauss—Seidel methods.

® Steepest descent and conjugate gradient methods
® The steepest descent method satisfies

Kk(A) -1 _
o= la< (S5 ) le=um e m>1

® The conjugate gradient method satisfies
m
A -1
Q) ) o Pa =1

VE(A)+ 1

® B-preconditioned conjugate gradient method = Conjugate gradient
method for solving BAu = Bf using the (-,-)g—1-inner product

Summary

lu—u"a<2 (
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Chapter 2. Auxiliary Space Theory
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space theory 2.1. Auxiliary space theory
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Auxiliary space theory

Aux Space
Theory
J. Park ® Key idea: A sophisticated iterative method for solving a linear
system is interpreted as an elementary iterative method for a larger
2l QL system, called the auxiliary system.

space theory

® Example: Domain decomposition and multigrid methods
= Block Jacobi and Gauss—Seidel methods for the auxiliary system

® The idea of auxiliary space theory can be traced back to Xu (1996)".

® Algorithm design perspective: Hiptmair and Xu (2007)?
® Theoretical analysis perspective: Xu and Zikatanov (2017)3

1) Xu. The auxiliary space method and optimal multigrid preconditioning
techniques for unstructured grids (Computing 1996).

2R Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and
H(div) spaces (SIAM J. Numer. Anal. 2007).

3J. Xu and L. Zikatanov. Algebraic multigrid methods (Acta Numer. 2017).
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Auxiliary system

® We start with the linear system on a Euclidean space V:
Aux Space

Theory Au = f7 AV sV SPD, f c V. (Orl)

J. Park

2.1. Alixiliary ® Introduce another Euclidean space V, called the auxiliary space,
t . . .
shace Heaty with dimV > dim V.

® Let [1: V — V be a surjective linear operator.

® Define the auxiliary system:
Au=f, (Aux)

with

Proposition 14 (Equivalence of systems)

The two linear systems (Ori) and (Aux) are equivalent in the following sense:
® [f u solves (Ori) and Mu = u, then u solves (Aux).

® Conversely, if u solves (Aux) and Mu = u, then u solves (Ori).
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Auxiliary Space Lemma

Aux Space
Theory
J. Park

Lemma 15 (Auxiliary space lemma)

2.1. A ry
space theory Let B: V — V be a SPD linear operator, and let

B:=NBMN: V — V.

Then, B is SPD, and it satisfies

1.J. Xu. lterative methods by space decomposition and subspace correction (SIAM Rev., 1992).
2L. Chen. Deriving the X-Z identity from auxiliary space method (DD21, 2011).
3.]. Xu and L. Zikatanov. Algebraic multigrid methods (Acta Numer. 2017).
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Auxiliary Space Lemma

Aux Space
I
J. Park

® For any w € V, Bw = 0 implies

2.1. Auxiliary
space theory 0= (BW, W) = (I‘lBI_ltw7 W) = (BntW, I‘Itw).

® Since B is SPD, M*w = 0, which implies w = 0 by the injectivity of MN*.
® Hence B is SPD.
® Take any v € V, and define

=BMN'B~lveV.

<

® Then Ny = v, and for any w € V,

(B7'z,w) = (N*B~'v,w) = (B~ v, Nw).
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Auxiliary Space Lemma

Aux Space
Theory
Proof (continued).
J. Park
® Forany v € V, Ny = v if and only if
2.1. Auxiliary
v=¥v+w, withweV, Nw=0.

space theory

® Therefore,

(B 'v,v) = (B (T +w),7+w)
=(B7'7, 1)+ (B 'w,w)
=(B7'v,v) + (B 'w,w),

where the last two equalities follow from the previous slide.

® Taking the infimum over v completes the proof.
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Iterative methods on the auxiliary space

Aux Space
Theory

J. Park ™ =™ 4 B(f — Au™), m> 1. (Orilter)

® Original iterative method for solving Au = f:

2.1. Auxiliary
space theory

® Auxiliary iterative method for solving Au = f:
u™ ="+ B(f - AUT),  m>1, (Auxlter)

with the relation
B =NBI".

Proposition 16 (Equivalence of iterative methods)

The two iterations (Orilter) and (Auxlter) are equivalent in the following sense:
® [f {u™} is generated by (Auxlter), then {u™ = Mu™} satisfies (Orilter).

® Conversely, if {u™} is generated by (Orilter), then there exists {u™}
satisfying (Auxlter) with u™ = Mu™.
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Error Propagation Equivalence

Recall that the error propagation operator of the iterative method

Aux Space m _  , m—1 m—1
Theory u" =u + B(f — Au ), m>1,

J. Park is| — BA, ie.,
u—u™=(-BA)(u—-u""t), m>1

2.1. Auxiliary
space theory

Proposition 17

In the iterative methods, we have
11 — BAlla = L — BAla.

v

Since I is surjective, we get

(v,v)a— ((B+ Bt — BtAB)Av,v)a

|/ —BAZ = sup
A7 vev, Ivliao (v,v)a
(Mv,Nv)a — ((B + B* — B*AB)Aly, MNv)a
= sup
VeV, [My|4#0 (My, Nv)a
(v, ¥)a — ((B+ B* — B*AB)Av, v)a
= sup ~ = = |- BAJ;
VeV, |v|a#0 (v, v)A A




Convergence theorem

Aux Space
Theory

Theorem 18 (Error propagation in terms of the auxiliary space)

b (el If the symmetrized operator

2.1. Auxiliary B:=B+B'—-B'AB:V =V

space theory

is SPD, then (Orilter) is convergent. Moreover, the error propagation
operator | — BA satisfies

—1
Il = BA|l2 =1— ( sup inf  (B7'v, z)) <L

VEV, |lvlla=1YXEY, My=v

® |n many cases, the original method is structurally complex, while the
auxiliary method is relatively simple.

® Auxiliary space theory simplifies analysis by interpreting the original
method as a simple iteration on the auxiliary system.

JP and J. Xu. Auxiliary space theory for the analysis of iterative methods for semidefinite linear

systems (2025+).
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Convergence Theorem

Aux Space
Theory

J. Park
® By Lemma 15, B is also SPD.

2.1. Auxiliary
space theory ® Invoking the abstract theory of iterative methods, we have

vevV, |lvlla=1

® Since B = IN BN, applying Lemma 15 gives

® Combining the above two equations completes the proof.

=il
Il —BAJZ=1— < sup  (B71lv, v)) .
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Convergence theorem - Singular case

Aux Space
Theory

Theorem 19 (Error propagation in terms of the auxiliary space)
). Park Suppose that A is semi-SPD. If the symmetrized operator

2.1. Auxiliary B:=B+B'—-B'AB:V =V

space theory

is SPD, then (Orilter) is convergent. Moreover, the error propagation
operator | — BA satisfies

i
|l —BAG=1- < sup inf inf  (B7lv, v)) <1

VEV, |vlla=1 PEN(A) YEV, My=v+¢ ~ — =

® The auxiliary space framework extends naturally to the case where A
is singular.

® The singularity of A does not deteriorate the convergence rate of the
method—it even improves the convergence rate!

1JP and J. Xu. Auxiliary space theory for the analysis of iterative methods for semidefinite linear
systems (2025+).
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SPD Preconditioners

® When B is SPD, then we can use the B-preconditioned conjugate gradient

method to solve Au = f.

Aux Space
Theory ® Recall that the convergence rate depends on
J. Park A (BA)
k(BA) = 207
Amin(BA)

2.1. Auxiliary
space theory

Theorem 20
If B is SPD, then B is also SPD. Moreover, we have

()\min(BA))*l = sup inf (571,‘47!)7
VeV, ||va=1 XEY M=V

BA))"! = inf inf (B~! .
Omax(BA) ™" = inf e, (BT v

Consequently:
sup inf  (B7'v,v)

veV,|v|la=1¥EY,My=v
(B~ v, v)

inf in
veV,|vlia=1veY,Ny=v
V.

Kk(BA) =

1L. Chen. Deriving the X-Z identity from auxiliary space method (DD21, 2011).
2JP and J. Xu. Auxiliary space theory for the analysis of iterative methods for semidefinite linear

systems (2025+).
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SPD Preconditioners

Aux Space
Theory

J. Park
2.1. Auxiliary

® Since BA is symmetric with respect to the inner product (-,-)a, we have
space theory

(Amin(BA)) ™1 = Amax((BA) 1)

sup  ((BA)Ylv,v)a = sup  (B7lv,v).
veV, |lvlla=t

veV, |lvia=1
® Applying Lemma 15 yields

B 1y, v).
ey B %)

® Combining the above two equations completes the proof of the Amin(BA)
identity.

® We can prove the (Amax(BA)) identity in the same manner.
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Condition Number Bounds

Corollary 21 (Lions lemma)

J. Park Suppose that B is SPD, and that the following hold:

Aux Space
Theory

2.1. Auxiliary @ Forany v eV, we have [[My[la < jirlv]lg-1-

space theory

@ (Stable decomposition) For any v € V, there exists v € V with My = v
and ||v|lg—1 < fiollv]a-
Then we have

#(BA) < (fiofin)”. )

Corollary 22 (Fictitious space lemma)

If A and B are SPD, then we have

sup inf lvlla 2

veV,|v|la=1LEY,NMv=v

lels | "%

in inf
veV,|vlla=1veV,NMv=v

\,

IS.V. Nepomnyaschikh. Decomposition and fictitious domains methods for elliptic boundary value
problems (DD5, 1992).
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More applications of the auxiliary space theory

Subspace correction methods
Aux Space

Theory ® (Xu 1992, Xu and Zikatanov 2002, Lee, Wu, Xu, and Zikatanov
J. Park 2008)
AL AT ® Auxiliary space of product type V = Hle V; (Chen 2011)
space theory ® Unified analysis for parallel/successive methods for

nonsingular/singular problems

Multigrid methods for unstructured grids
® (Xu 1996, Zhang and Xu 2014)

® Equivalent to multigrid methods for auxiliary structure grids

Hiptmair—Xu preconditioners

® Poisson-based optimal preconditioners for H(curl) and H(div)
problems (Hiptmair and Xu 2007)

® Equivalent to block Jacobi methods for certain auxiliary systems
given in terms of regular decomposition

1JP and J. Xu. Auxiliary space theory for the analysis of iterative methods for
semidefinite linear systems (2025+).
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More applications of the auxiliary space theory

Aux Space
Theory

) Pk Mixed finite element methods
. arl

® Darcy flow, Stokes equations and their generalizations

2.1. Auxiliary L .
space theory ® Sharp and unified estimates for the Schur complements:

Auxiliary space theory + inf-sup condition (Xu and Zikatanov 2002)

Nonoverlapping domain decomposition methods
® FETI, FETI-DP, BDD, BDDC (Toselli and Widlund 2005)

® Sharp and unified analysis:

Auxiliary space theory + Basic lemmas for nonoverlapping domain
decomposition (Xu and Zou 1998)

1JP. Unified analysis of saddle point problems via auxiliary space theory
(2025+).
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J. Park
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Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

Introduction

® Subspace correction methods provide a unified framework that
encompasses a wide range of algorithms.

® C(Classical Jacobi and Gauss—Seidel methods;
® More advanced multigrid and domain decomposition methods.

® High-level description
o The solution space is decomposed into a sum of subspaces.
@ Local problems are solved independently on each
© The local solutions are combined to update the global iterate.

® A sharp convergence theory, known as the Xu—Zikatanov identity, is
available.

® Applications to not only SPD linear systems, but also singular, nearly
singular, and even nonlinear problems.

1J. Xu. Iterative methods by space decomposition and subspace correction (SIAM Rev., 1992).

2.]. Xu and L. Zikatanov. The method of alternating projections and the method of subspace
corrections in Hilbert spaces (J. Amer. Math. Soc. 2002).

B. Jiang, JP, and J. Xu. Connections between convex optimization algorithms and subspace correction

methods (2025+).
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Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

decomposition and subspace correction

Space decomposition
® Consider subspaces Vi, Va,...,V; C V with

J J
V=>"Vi=> 1V, [:V;— V natural embedding.
j=1 j=1

® In each V;, define the local operator
A= IthIj, If: V — V orthogonal projection.
Subspace correction’

® The optimal global correction e can be obtained by solving the
residual equation
Ae = r(:= f — Au™).

® |nstead of the global equation, we consider the local problem:

__yt, old
Ajej—ljr .

® We update the global approximation as

Id
unew _ uo + g

1J. Xu. lterative methods by space decomposition and subspace correction (SIAM Rev. 1992).
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Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

Parallel and successive subspace correction methods

Parallel subspace correction method (PSC)

® Residual is corrected simultaneously across all auxiliary spaces:

J
Id 2 :
" = 0 + g.
j=1

® PSC can also be interpreted as an SPD preconditioner.

® Examples: Jacobi, additive Schwarz, BPX preconditioners, ...

Successive subspace correction method (SSC)
® Residual is corrected sequentially, one local space at a time.

® Examples: Gauss—Seidel, multiplicative Schwarz, multigrid cycles, ...

Remark 1 (Extensions)

Subspace correction methods extend to more general settings: when each
V; is not a true subspace of V, one may instead use inexact local
problems.?

1.J. Xu and L. Zikatanov. Algebraic multigrid methods (Acta Numer. 2017).
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Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

Examples of PSC

Example 23 (Jacobi Method)
® V =R" with coordinate-wise decomposition: V = > " ; span{e;}
® Miv=(e,v)e = eelv
o A =TAN, = a;
® With R; = A,._1 = a;l, PSC reduces to the Jacobi method:

n
m _  m—1 =1 > L,,m—1
u =u" " +a; | fi— E ajju;
Jj=1

.

Example 24 (Richardson Method)
® Same setting as Jacobi method
® Choose R; = w for some w > 0.

® PSC reduces to the Richardson iteration

.
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Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

Examples of SSC

Example 25 (Gauss—Seidel and SOR)

® V =R" with coordinate-wise decomposition: V = > " ; span{e;}
® Miv=(e,v)e = eelv

° A =MAMN; = a;

® With R; = Afl = a;l, SSC reduces to the Gauss—Seidel method:

m _  m—1 =1 > LM m—1
uf = u" e agt | =D ayuf _Zauuj
i<i J>i

® With R; = "JAi_l = wa,.71 for some w > 0, SSC reduces to the SOR
method. )
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Domain Decomposition Methods

ition

Domain decomposition = Space decompos

Aux Space
Theory

where each V; is a “local” subspace:

= H}(Q).

Vi={veV:iv(x)=0,V¥xeQ\Q}CV

2.2. Subspace

correction
methods

1
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[llustration of Effects of Local Corrections

||||||||||||
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Product-type auxiliary space

We interpret subspace correction methods in the framework of the auxiliary

Aux Space space theory.
Theory

J. Park ® Auxiliary space of product type:

J
v=]J]Vi=VixVax--xV,.
j=1

2.2. Subspace
correction
methods

® The operator I1: V — V is defined as

I:
Il
Mk

s=Sm

.
I
-

® Auxiliary system:

>

u=f,

where
A=NAN = [Ajl] =1,  with Aj = IfAl;.

® Block decomposition:
A=L+D+L"
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Product-type auxiliary space

Aux Space
Theory

J. Park

Theorem 26 (Subspace correction methods = Block Jacobi/Gauss—Seidel)

® PSC for Au = f is equivalent to the block Jacobi method for Au = f:

-1
2.2. Subspace Bpsc = anscrlt, Bpsc = D
correction - - -
methods

® SSC for Au = f is equivalent to the block Gauss—Seidel method for
Au=f:
Bssc = MBssc’, Bssc=(L+D)™".

® Subspace correction methods are equivalent to block methods for
solving the auxiliary system.

® Analyzing subspace correction methods is as straightforward as
analyzing block Jacobi/Gauss—Seidel methods.
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Con

Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

ergence of the parallel method

Tha

nks to the auxiliary space theory, we obtain sharp convergence

estimates for subspace correction methods straightforward.

Theorem 27 (Convergence of PSC, additive Schwarz lemma)

In PSC, we have

J
sup_inf (A, )
Ivila=12335 vi=v j=1

k(BpscA) = 5
inf > (A, )

in
Mlia=1 52, v=v

J=1

J. Xu. Iterative methods by space decomposition and subspace correction (SIAM Rev., 1992).
A. Toselli and O. Widlund. Domain Decomposition Methods—Algorithms and Theory (2005).

JP. Additive Schwarz methods for convex optimization as gradient methods (SIAM J. Numer. Anal.

1

2

3S,C. Brenner. An additive analysis of multiplicative Schwarz methods (Numer. Math. 2013).
4

)
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Con

Aux Space
Theory

J. Park

2.2. Subspace
correction
methods

ergence of the successive method

Theorem 28 (Convergence of SSC, Xu—Zikatanov identity)
In SSC, we have

1
| —BsscAlz=1— ——
I sscAlla 1+
where

J 2

o= sup inf Z IJ-*ZV,-
HVHAzlznjvj:v j=1 i>j A
J

1.J. Xu and L. Zikatanov. The method of alternating projections and the method of subspace
corrections in Hilbert space (J. Amer. Math. Soc. 2002).

corrections for singular systems of equations (Math. Comp. 2008).

3S.C. Brenner. An additive analysis of multiplicative Schwarz methods (Numer. Math. 2013).

Y.-J. Lee, J. Wu, J. Xu and L. Zikatanov. A sharp convergence estimate for the method of subspace
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Variational problems involving curl and div

Aux Space Mixed formulations of second-order elliptic equations

Theory
1. Ga ® Poisson equation on a bounded domain Q C R3:

—Au=f inQ, wu=0o0n0Q.

® |ntroduce 0 = —Vu to rewrite the equation as a first-order system:

2.3. c+Vu=0, divo=f.

Hiptmair—Xu
precondition-

ers
® Mixed variational formulation: Find (o, u) € H(div; Q) x L?(Q) such that

(0,7) + (u,divr) =0, Vr € H(div; Q),
(divo,v) = (f,v), Yv € L%(Q).

1D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications (2013).
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Variational problems involving curl and div

Aux Space
Theory Maxwell equations

J. Park
. ® Coupled system for the electric field E and magnetic field H:

OE
e— +cE—curlH=j inQx(0,7),

ot
OH
ME—FcurIE:O inQx (0, T).
2.3.
Hiptmair—Xu
piScondition ® Eliminating H and discretizing in time: Find E € Ho(curl; Q) such that

ers

(iAt2 curl E,curlg) + ((e—‘,— %O'AT) E,f) = f(&), V&€ Hy(curl; Q).

1R. Hiptmair. Multigrid method for Maxwell's equations (SIAM J. Numer. Anal. 1997).
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Theory

J. Park

2538
Hiptmair—Xu
precondition-

ers

Challenges for H(curl) and H(div) systems

® The operators curl and div have large, nontrivial kernels.
= Efficient and robust solvers are more challenging to design than for
scalar elliptic problems.

® The Hiptmair—Xu preconditioner provides a general and effective
framework for solving problems in H(curl) and H(div).

® The construction is based on the auxiliary space theory.

® The method reduces the original system to a sequence of scalar Poisson
problems.

® For example, a 3D H(curl) problem is decomposed into four scalar
Poisson equations.

1R. Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and H(div) spaces (SIAM J.
Numer. Anal. 2007).
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2538
Hiptmair—Xu
precondition-

ers

Model problem

® H(D; Q) model problem:

(D'D+NHu=f inQ,
tru=0 on 99,

where D denotes either the curl or div operator.

® Weak formulation:

(Du,Dv) + (u,v) = (f,v) Vv e Hy(D; Q).

® Finite element discretization using the space H,(D) yields the linear system:

ADU =f.
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2538
Hiptmair—Xu
precondition-

ers

Overview of Regular Decompositions

® Functions in H(curl) and H(div) are generally not regular enough to lie in
HL.

® However, they can be decomposed into components that each belong to
more regular (e.g., H') spaces.

® Such decompositions are known as regular decompositions.

® They play a central role in the construction of Hiptmair—Xu preconditioners.

® Regular decompositions exist in both continuous and discrete settings:

® Continuous setting: in terms of Sobolev spaces.
® Discrete setting: in terms of finite element spaces.

1R. Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and H(div) spaces (SIAM J.
Numer. Anal. 2007).
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2538
Hiptmair—Xu
precondition-

ers

Discrete regular decompositions

Theorem 29 (Discrete regular decomposition for Hp(curl))

For any v, € Hp(curl; Q), there exist ¥, € Hp(curl; Q), ¥y, € [Hp(grad; Q)]3, and

pn € Hp(grad; Q), such that
Vh = U + N5, + grad py,

1A=l + llenlls + sl S 11Vall Heeur)-

\,

Theorem 30 (Discrete regular decomposition for Hp(div))

For any vj, € Hy,(div; Q), there exist ¥, € Hy(div; Q), 15, € [Hh(grad; Q)]3, and

wh, € Hp(curl; ), such that

Vp =V + n‘,{'“wh + curl wy,

1A=l + Il + lIwalls S 1vall taivy -

\,
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Hiptmair—Xu preconditioner for H(curl) problems

Aux Space
Theory

J. Park . . . .
. ® Motivated by discrete regular decomposition, we consider the space

decomposition
Hp(curl) = Hp(curl) + M Hy,(grad)® + grad Hy(grad).
2.3.

Hiptmair-Xu ® Equivalently,

precondition- _
chrl - I_ICUH !curly

ers

where
ch“ = Hh(Cul’l),

Veun = Hp(curl) x Hy(grad)® x Hy(grad),
I_Icurl = [Ia nzurl, grad] .
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Hiptmair—Xu preconditioner for H(curl) problems

® The Hiptmair—Xu preconditioner B, is defined by:

Aux Space

Theory -1

Beurt = Dy + M AL (M5! + grad A_ L grad”,

| 3
J. Park cur grad

where Dc:}l is the nodal Jacobi smoother:

(v,wW)p,, = Z(ve,we),_,(cuﬂ), with v = Z Ve, W = Z We.

e€&y ecé&y ec&y
2538
Hiptmair—Xu
precondition-
EIs ® Equivalently,
—1
Dcurl 01 0
‘ _
Beurt = Meyn gcurlncurlv Beun = 0 Agrad3 0
-1
0 0 Agrad

1R. Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and H(div) spaces (SIAM J.

Numer. Anal. 2007).
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Optimality of Hiptmair—Xu preconditioner for H(curl)

Aux Space X X o o
Theory The Hiptmair-Xu preconditioner B, satisfies
J. Park
N(BcurIAcurI) S y
® Note that
3. 2 o2 2 2 -
. ||Zh||§c—m1I = 1nllDy,, + 1nlla o + Pllag.y>  ¥b = (Vn ¥, Ph) € Yeun-
precondition-
&rs ® Thanks to the auxiliary space theory, it suffices to verify the following:
6 For any ¥}, € Hp(curl), ¥ € Hy(grad)?, and py, € Hp(grad),
17 + 5" n + grad pall5,,, S 1ll5,,, + 1Usla, +llealla, .-
h Acurl ~ Deyri Agrad3 Agrad
O For any v, € Hp(curl), there exist ¥, € Hy(curl), ¥y, € Hp(grad)3,
and pp € Hp(grad) such that
Vh = ¥h + M5, + grad pp,
o 12 2 2 < 2
1981, + nl, s + oIy S 1, |
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Optimality of Hiptmair—Xu Preconditioner for H(curl)

Proof (continued).

Aux Space
Theory ® We first prove part (a). Take any ¥, € Hp(curl), ¥, € Hp(grad)3, and
J. Park pn € Hp(grad). By the standard coloring argument, we have the estimate

17l Ay S 17nll Dy -

® From the commutativity and stability of the canonical interpolation
operators, we deduce

2.3.
Hiptmair-Xu |-|cur| 2 — |-|curl 2 “-lcurl 2
Hiptmai X I, = Il + 1 curt T
S a2+ MG curl )2 S 110l + 2 gaays = 03,

® Additionally, we directly obtain

Il grad pall5,,,, = Il grad pall* < llpalia,,,,-
® Combining the above estimates, we conclude
~ curl 2 ~ 12 curl 2 2
190 + M5 + rad pall}_, S 1911, + MG 0nI2,,, + lgrad pal,,,
=2 2 2
S 1alid,, + Ionld, L, + ealla, J
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Optimality of Hiptmair—Xu preconditioner for H(curl)

Proof (continued).

Aux Space

iy ® Next, we prove part (b). Given v, € Hp(curl), let ¥, € Hp(curl),

J. Park ¥y € Hp(grad)3, and p, € Hp(grad) be given by the discrete regular
decomposition :

curl

1A 4 enlBa + lonll, < llvall
grad

2.3. ® It remains to show
Hiptmair—Xu = < —1~ )
precondition- ||Vh||Dcur| ~ Hh VhH

ers

® This follows directly from the inverse inequality and the finite overlap

property:
1l = D (Ves Vedreury = D (Il curl Tel® + ||7e|1®)
eEEy e€E)
SO+ D Tl S AT+ 15412 S 1A 1
ec&y ec&y
O
y
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Hiptmair—Xu preconditioner for H(div) Problems

Aux Space
Theory

J. Park . . . .
. ® Motivated by discrete regular decomposition, we consider the space

decomposition
Hp(div) = Hp(div) 4+ N9V H, (grad)® + curl Hy(curl).
2.3.

Hiptmair-Xu ® Equivalently,
precondition- Vgiv = Mgy Vi
wv 1w X divsy

ers

where
Viaiv = Hp(div),

Vaiv = Ha(div) x Hy(grad)® x Hpy(curl),
I'Idiv = [I, I'If;i", curl} .
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Hiptmair—Xu preconditioner for H(div) problems

® The Hiptmair—Xu preconditioner By;, is defined by:

Aux Space
EE) -1 div g—1 divyt -1 t
J. Park Baiv = Ddiv + I_IhlvAgrad3(I_Ihlv) + curl Acurl curl’,

where D(;vl is the nodal Jacobi smoother:

(v,w)p,, = Z (VEs WE)H(div), With v = Z VE, W= Z WE.

FeF, FeF, FeF,
2.3.
Hiptmair—Xu
precondition-
& ® Equivalently,
Dyt 0 0
t -1
Bgiv = MaivBaivMg,y, Bdv= | 0 Agrad3 0
—1
0 0 Acurl

1R. Hiptmair and J. Xu. Nodal auxiliary space preconditioning in H(curl) and H(div) spaces (SIAM J.

Numer. Anal. 2007).
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Optimality of Hiptmair—Xu preconditioner for H(div)

Aux Space
Theory

J. Park

The Hiptmair-Xu preconditioner Bg;, satisfies

2538
Hiptmair—Xu H(BdivAdiv) S, 1.
precondition-

ers

® Similar proof technique as for H(curl) case.

® Uses discrete regular decomposition for Hp(div).
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Summary

® Aucxiliary space theory

Aux Space ® A sophisticated (complicated) iterative method for solving a linear
Theory system can be equivalent to a simple (elementary) iterative method
1. Park for solving an auxiliary linear system. _ y

® The convergence rate can be expressed in terms of the auxiliary
space:
-1
I—BAR=1—( sup inf  (Bv,v)|
veV, |lvla=1LEY, My=v

® Subspace correction methods
® Subspace correction methods are equivalent to simple block methods
for solving the expanded system.
® The Xu—Zikatanov identity, a sharp convergence rate estimate for
SSC, can be proven by using the auxiliary space theory.
Il —BAZ=1— ! 1
1+ Cc1

® Hiptmair—Xu preconditioners
® Discrete regular decompositions and the auxiliary space theory
® Optimal preconditioners for H(curl) and H(div) systems:
Beurt = Dy + MM AL (M5")" + grad AL grad”,

curl gra grad
_ -1 div p—1 div\t —1 t
Baiv = Dy + MRYA - 5 (MEY)" + curl AZ | curl”.

grai
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Saddle point problems

® Let V and W be finite-dimensional vector spaces.

Aux Space
Theory

J. Park A Bt:| |:U:| |:f:|
= , (Saddle)
3.1. Saddle |:B 0 p g

point
problems

® Consider the saddle point problem

where
® A:V - VisSPD, B: V — W is surjective, f € V, g e W
® Babuska—Brezzi (inf-sup) condition

inf sup  (Bv,q)=|B7Y|7'>0
geW, lall=1vev, |v|=1

® The system is well-posed if N(A) N N(B) = {0}.

Proposition 33

The saddle point problem (Saddle) is equivalent to the constrained
minimization problem

veV

min {%(Av, v) — (f, v)} subject to Bv =g,

with p as the Lagrange multiplier. )
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Schur complement (dual) system

® Eliminating the primal variable u yields

Aux Space
Theory
J. Park Sp = d’ (Schur)
3.1. Saddle where . L
point S=BATB":W-—->W, d=BAf—g.

problems
® S is called Schur complement.

® Since B is surjective and A~! is SPD, S is SPD.

® Crucial observation: S has the auxiliary space structure

Remark 2 (Semi-SPD case)

A projected Schur complement system can still be constructed even when
A is only semi-SPD.*?

1C. Farhat and F.X. Roux. A method of finite element tearing and interconnecting and its parallel
solution algorithm (Internat. J. Numer. Methods Engrg. 1991).

C. Pechstein. Finite and boundary element tearing and interconnecting solvers for multiscale problems
(2012).
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Iterative methods for saddle point systems

Three major approaches'?

A‘.‘If‘h:ggce ® [terative methods for the Schur complement system

® Preconditioned conjugate gradient method for solving (Schur).

® We can utilize vast existing results on iterative methods for SPD
3.1. Saddle linear systems.

point 3 ) i
problems ® Stationary iterations

J. Park

® Uzawa-type and augmented Lagrangian methods.
® Convergence behavior is determined by properties of the Schur
complement.

® Preconditioned Krylov methods

® MINRES with an optimal block-diagonal preconditioner?
Al 0
0o s

The properties of the Schur complement S are central to both design and
analysis of algorithms.

1M4 Benzi, G.H. Golub, and J. Liesen. Numerical solution of saddle point problems (Acta Numer. 2005).

2J. Xu. Fast Poisson-based solvers for linear and nonlinear PDEs (Proc. ICM 2010).

3M.F. Murphy, G.H. Golub, and A.J. Wathen, A note on preconditioning for indefinite linear systems

(SIAM J. Sci. Comput. 2000).
91 /120



Aux Space
Theory

J. Park

3.2. Sharp
estimates for
Schur
complements

Table of Contents

3.2. Sharp estimates for Schur complements

92/120



Aux Space
Theory

J. Park

3.2. Sharp
estimates for
Schur
complements

Spectra of Schur complements

Theorem 34 (Spectrum of the Schur complement)

The Schur complement S = BA™1B* satisfies

- lall® |IBvI®
Amin(S) = f s — Amax(S) = s —.
( ) O#J;]EW ve V,ugv:q (AV7 V) ( ) O#tlgv (AV7 V)

The Schur complement S given in (Schur) satisfies

Arin(5) 2 Amax(A) BT, Amax(S) < Amin(A) 7IB1%

1JP. Unified analysis of saddle point problems via auxiliary space theory (2025+).
2D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications (2013).
3A. Toselli and O. Widlund. Domain decomposition methods—Algorithms and theory (2005).
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Spectra of Schur complements

Proof of Theorem 34.

® |n the auxiliary space theory, we set

VW, V<V, A<l B+ S,

® Then we get

Aein(S) = < sup

n
0#£qeW vEV, Bv=q |

® Moreover, we h

Amax(S) = ( inf

ave

n
O#qEW veV, Bv=q

— (ot

(rny™_
|q||2 O#quVGV Bv= q(A V).

(Av, v)) -t
lIqll?

(Av,v)
o#veVv ||Bv|2

N« B, B« AL

inf

)_1:

sup

1B

0#£veV (AV7 V) .

O

V.
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3.2. Sharp
estimates for
Schur
complements

Preconditioned Schur complement

® let L: W — W be a SPD preconditioner

® We consider the preconditioned Schur complement LS.

Theorem 36 (Spectrum of the preconditioned Schur complement)

The preconditioned Schur complement LS satisfies

AialLS) = inf  sup  LBD gy qp (LBLBY)
0#gEW yev, Bv=q (AV, V) 0AveV (Av, v)

We set L = BAB!, where B: V — W satisfies BBt = I. Then the
preconditioned Schur complement LS satisfies

Amin(LS) > 1, Amax(LS) = ||B*B]3.

1.J. Mandel and B. Sousedik. BDDC and FETI-DP under minimalist assumptions (Computing 2007).
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Augmented Lagrangian method

Aux Space
Theory ® Consider the saddle point problem

5 5JE-L) (ssd0)

® Augmented Lagrangian method!: Given (u™, p™), we update
(um+17 Pm+1) by

J. Park

U™ = (A+e71B'B) T (f +eBg — B'p™), -
33. 1 B m > 0.
Augmented pm+ =p" —e€ l(g - Bum+1)7
Lagrangian

method . . ) i . i 1
® |t is equivalent to the Richardson iteration (step size ¢~') on the

augmented Schur complement

Se=B(A+e1B'B)71B.

® Hence, the convergence is governed by Se.

1M. Fortin and R. Glowinski. Augmented Lagrangian methods (1983).
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Augmented Lagrangian method

® By repeated applications of the auxiliary space lemma, for any g € W we

Aux Space have
Theory
-1 _ H —1pt
J. Park (Se q, q) - ve\/l,m;v:q((A +e B B)V7 V)
= _inf  (Av,v)+e Yq,9)=(S"q,9)+€¢ (q,9).
veV, Bv=q

® Thus we obtain the identity!

STl=s5"14¢e1

3.3. ® The error propagation operator | — e 15, satisfies
Augmented
Lagrangian _ _ €
method ”/ — € 155” =1-c¢ 1)\min(se) = m
® The extremal eigenvalues of S, are given by
€ Amin(S) € Amax(S)
Amin(Se) = ——m =2 A Se) = ——————.
mln( e) €+>\min(5) max( e) €+>\max(5)

® The augmented Lagrangian method becomes arbitrarily fast as € — 0.2

1C.-O. Lee and E.-H. Park. A dual iterative substructuring method with a small penalty parameter (J.
Korean Math. Soc. 2017).

2Y,-J. Lee, J. Wu, J. Xu, and L. Zikatanov. Robust subspace correction methods for nearly singular
systems (Math. Models Methods Appl. Sci. 2007).
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Darcy flow

® Darcy flow: Linear relationship between the Darcy velocity u and pressure
p for flow in porous media

Aux Space
VEET u+Vp=0 inQ

J. Park divu=b inQ
p=0 on 9oQ

® Weak formulation defined on H(div; Q) x L?(Q): find u € H(div; Q) and
p € L?(Q) such that

/u~vdx—/pdivvdx:0,
Q @ v € H(div; Q), q € L(Q).

—/qdivudx:—/qux7
Q Q

® A mixed finite element method is obtained by replacing H(div; Q) and
L2(Q) with suitable finite element spaces V and W:

My  Bf] [u] [0
B 0]|p]  |g]’
where the matrices My, B, and the vector g are defined by

(Myv, w) :/ v - wdx,
Q

(Br,a)= - [ advvax (g.a)=~ [ badx
@ Q@ 100 /120



Darcy flow: Ingredients for analysis

Aux Space ® Continuous vs. discrete divergences
Theory

J. Park B = —MW diV,

® Scaling argument (mesh size h)

(Myv,v) = h|v[?,  (Mwa,q) = h?|q|?.

® \We assume the discrete Babuska—Brezzi condition holds:

gi
inf sup vV @iz
a€W vev ||lvllHiv)llall 2

® Equivalently, for any g € W, there exists v € V such that

divv=gq, [[qlli2 2 [IVIlHaw)-
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Darcy flow: Analysis of the Schur complement

Aux Space
Theory

J. Park ® We analyze the Schur complement S = BI\/I;IBt.

® Minimum eigenvalue:

inf su 2
0£qEW v eV divv=q || V||L2

> hd.

. llql?
Amin(S) = inf s —_—
min(5) 0¥qewvev,ugv:q (Myv,v)
. | My ql|?
= inf sup —
O?’fquveV,div v=q (MVV7 V)
M
b i sup  (Mw@.@)
0£4EW veV divv=q (MyV, V)
_ llall?>
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Darcy flow: Analysis of the Schur complement

Aux Space ® Maximum eigenvalue:
Theory

J. Park ||5VH2

A S)= sup ——

mox(3) o#vev (Myv,v)
My div v]|?

o#tvev  (Myv,v)

div v||2
~ hd sup w
ozvev vl
5hd727

where the last inequality follows from the inverse inequality.

® |n conclusion, we obtain
k(S) < h 2

® An optimal preconditioner for S can be constructed by exploiting its
spectral equivalence with a certain discretization of the Poisson problem.!

1'I'. Rusten, P. Vassilevski, and R. Winther. Interior penalty preconditioners for mixed finite element
approximations of elliptic problems (Math. Comp. 1996).
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Stokes equations

Aux Space Dirichlet boundary condition

Theory
—Au+Vp="f in Q,
divu=20 in Q,

u=20 on 09,

J. Park

® Weak formulation defined on H}(Q)? and L3(): find
(u,p) € H} ()9 x L2(Q) such that

/VU-VVdX*/pdiVVdX:/f-VdX,
Q Q Q

—/qdivudX:O7
Q

with suitable finite element spaces V and W.
® We obtain (Saddle) with

(Av, W):/Vv-VWdX7
Q

(Bv,q):—/qdivvdx, (f,v):/f~vdx.
Q Q

® Stokes equations: Incompressible Stokes equations with the homogeneous

ve Hi(Q), q € L3(Q).

® A mixed finite element method is obtained by replacing H}(Q)¢ and L3(Q)
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Stokes equations: Ingredients for analysis

Aux Space ® Continuous vs. discrete divergences
Theory

J. Park B = 7MW diV,

® Scaling argument (mesh size h)

(Myv,v) = h?||v]?, (Mwa,q) = h?||q|l*.

® We assume the discrete Babuska—Brezzi condition holds:

di
inf sup (divv, g)2 >
a€W eV [[vlipllall2

)

® Equivalently, for any g € W, there exists v € V such that

divv=gq, [[qll2 Z IVl
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Stokes equations: Analysis of the Schur complement

Aux Space
Theory

J. Park ® We analyze the Schur complement S = BA~1Bt.

® Minimum eigenvalue:

Min($) = nfsup M
0#qEW yev, Bv=¢q (AV, V)

o [Mwq|2

= inf sup AL N

0#qeW vev, divv=q (AV,V)

M,

~h? inf sup (Mwa,q)

0#qEW vev, divv=q (Av,v)
|‘7|?_/1

=h? in sup
0£qEW vev, divv=q ||V||i2

> hd.
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Stokes equations: Analysis of the Schur complement

® Maximum eigenvalue:

Aux Space
Theory
| o Amex(S) = sup 1Bv|?
. ar max -
o#vev (Av,v)
[|Mw div v]|?

ozvev  (Av,v)
(M div v, div v)

~ h9 sup

0#veV (Av,v)
|| div v||?

=h? sup 72"2
0#£veV IV‘HI

< K.

® |n conclusion, we obtain

k(S) S 1.

® The conjugate gradient method for solving the dual problem converges
uniformly with respect to h.!

1R. Verfiirth. A combined conjugate gradient—multi-grid algorithm for the numerical solution of the
Stokes problem (IMA J. Numer. Anal. 1984).
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3.5. FETI-DP

FETI-DP

® FETI-DP'2: One of the most broadly used nonoverlapping domain
decomposition methods (FETI, FETI-DP, BDD, BDDC, ...)

® A global problem is partitioned into smaller subproblems posed on
subdomains, and continuity across subdomain interfaces is enforced by

means of Lagrange multipliers.

(i

x

|n

tAA

(A) Triangulations 7;, and T, (B) Dual-primal domain decomposition 3

1
C. Farhat, M. Lesoinne, P. LeTallec, K. Pierson, and D. Rixen. FETI-DP: a dual—primal unified FETI
method—part |: A faster alternative to the two-level FETI method (Internat. J. Numer. Methods Engrg.
2001).
2A. Klawonn, O.B. Widlund, and M. Dryja. Dual-primal FETI methods for three-dimensional elliptic
problems with heterogeneous coefficients (SIAM J. Numer. Anal. 2002).
3C.-O. Lee and JP. A dual-primal finite element tearing and interconnecting method for nonlinear

variational inequalities utilizing linear local problems (Internat. J. Numer. Methods Engrg. 2021).
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3.5. FETI-DP

FETI-DP: Problem setting

Model problem: Poisson equation defined on a bounded polygonal domain

Q Cc R%
—Au=f inQ,

u=0 on9dQ.

Nonoverlapping domain decomposition: The domain 2 is decomposed into
J nonoverlapping polygonal subdomains {Qj}f:1 with characteristic

subdomain diameter H > 0.

Subdomain interfaces: let ['; = 9Q; N 92; denote the interface between
adjacent subdomains, and define ' = U,.<j F.

Local triangulations: ’7’h’ and 7’,{ share nodal points along the interface I';.

Local boundary FE spaces: On each Q;, we consider the space of

continuous, piecewise linear finite elements on 7',1 that vanish on 9Q; N 02,
and denote its restriction to the interface 9$2; by V.

Product space: V = Hle V.

Note that functions in V are, in general, discontinuous across .
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FETI-DP: Problem setting

FETI! constrained optimization problem

Aux Space 1
lheoty min {7(Sv, v) — (f, v)} subject to Bv =10
J. Park v:(vj)leev 2

® S and f are defined by

J J
(Sv, W):Z/ VHv; - VHjw;dx, (f,v) :Z/ fH;v; dx.
j=17% j=17%

® H; denotes the discrete harmonic extension in Q; associated with 7‘#

® B is a full-rank matrix with entries 0 and £1 enforcing continuity along I'.

FETI saddle point formulation
3.5. FETI-DP S Bf|fu] _[f
B 0| |xl " |0]

® We use the Lagrange multiplier A € W to deal with the constraint.
® S is semi-SPD, owing to subdomains £2; that do not intersect 9.

1C. Farhat and F.-X. Roux. A method of finite element tearing and interconnecting and its parallel
solution algorithm (Internat. J. Numer. Methods Engrg. 1991).
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3.5. FETI-DP

FETI-DP: Problem setting

® While the FETI formulation enforces continuity along the entire
interface I through the constraint, FETI-DP instead imposes
continuity at subdomain corners directly by restricting the solution
space to a subspace Vcv.

* The space V consists of functions in V that are
continuous at subdomain corners.

® Continuity along the interior of each subdomain edge is enforced by

constraints.

yL In

x

i
NN AN N

(A) Triangulations 7, and 7, (B) Dual-primal domain decomposition 3
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FETI-DP: Problem setting

FETI-DP! constrained optimization problem

Aux Space 1 .
liTEery min {E(Sv, v) — (f, v)} , subjectto Bv =0,

—(v: )/ V
J. Park V7(vj)j:16\/

® 5 and f are defined analogously.
® B is a full-rank matrix with entries 0 and +1 that enforces continuity along

the interior of subdomain edges.

FETI-DP saddle point formulation
S BY[u] _Jf
B 0| |A|  [0]°

® We use the Lagrange multiplier A € W t deal with the constraint.
o Different from the FETI formulation § is SPD.

3.5. FETI-DP

FETI-DP dual problem

FA=d, where F=B5!Bf d=35"1f.

IC. Farhat, M. Lesoinne, P. LeTallec, K. Pierson, and D. Rixen. FETI-DP: a dual-primal unified FETI
method—part |: A faster alternative to the two-level FETI method (Internat. J. Numer. Methods Engrg.
2001).
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3.5. FETI-DP

FETI-DP: Ingredients for analysis

Continuity matrix B

® The matrix B satisfies the following identity!:
BB' =2I.
® |f we define B = %B, then Bt is a right inverse of B.
Poincaré-type inequalities

As FETI-DP involves functions that are continuous at subdomain corners, we
require certain Poincaré-type inequalities associated with subdomain corners.1?

Lemma 38

For each subdomain Qj C Rz, the following estimates hold:

H
2 2
1 = 220, < H (1+108 ) 1513 /2(0n,y
HA\ 2 vji € V),
0 2 2
105 = 19D 2200y S (10085 ) 12072000,
e: edgeofﬂj J J

where Ig is the extension-by-zero operator.
v

1J. Mandel and R. Tezaur. On the convergence of a dual-primal substructuring method (Numer. Math.
2001).
2C.-O. Lee, E.-H. Park, and JP. Corrigendum to “A dual iterative substructuring method656 with a
small penalty parameter” (J. Korean Math. Soc. 2021).
114 /120



FETI-DP: Unpreconditioned FETI-DP

Aux Space
Theory

J. Park ® We analyze the FETI-DP dual operator F = B5-1Bt,

® Minimum eigenvalue:

A 2
— inf A
0#A€Wv€ \7, Bv=X (5V7 V)

2
> g AT
0£AEW (SB1), Bt))
2 Amax(5) 71

3.5. FETI-DP >1.

)\min(F)
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FETI-DP: Unpreconditioned FETI-DP

® Maximum eigenvalue: since R(/ly) C N(B), for any v = (vj)jJ:1 ev,

Aux Space
Theory IBvI* = IB(v = Inv)I?

J. Park < v = Iav)?

J
_ -1 2
~h Z”VJ_IHVJ'HLZ(BQJ)

A
>z =T

(1+|0g )Zlvj‘Hl/Z BQ

(11022 ) (5w,

H
(l—i—logz) .

H H
)< (1410g ).
H()Nh(+0gh)

® Hence, we deduce
Amax(F) <

>z

3.5. FETI-DP

® |n conclusion, we obtain?!

1C.-O. Lee and E.-H. Park. A dual iterative substructuring method with a small penalty parameter (J.
Korean Math. Soc. 2017).

116 /120



FETI-DP: FETI-DP with Dirichlet preconditioner

® Next, we consider the following Dirichlet preconditioner:

Aux Space _ Rpc&pt
Theory Lpp = BSB',

J. Park
® Minimum eigenvalue: By Corollary 37, we have

Amin(LppF) > 1.
® Maximum eigenvalue: for any v = (vJ) 1 € v,
(5BtBv, BtBv) = (§B'B(v — Iyv), BIB(v — Iyv))

B'B(v — Iyv)|?
H2 (8%;)

[
P_ﬂ“

.
|
=

N
M~

PRV /va‘)li,%(mj)

3.5. FETI-DP Jj=1 e: edge of Q;
) E |VJ|H1/2(BQj)

(11082
(1 + log %) (§v, v),

N
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FETI-DP: FETI-DP with Dirichlet preconditioner

® Consequently, we have

Aux Space

Theory H 2
)\max(LDpF) <(1+log— .
J. Park h

® Finally, we obtain the following condition number bound for the
preconditioned operator Lpp F1:

H\ 2
ﬁ(LDpF)§(1+|og;) .

Remark 3 (Other nonoverlapping domain decomposition methods)

Closely related nonoverlapping domain decomposition methods, such as FETI,
BDD, and BDDC?3%, can be analyzed within our framework by essentially the
same arguments used for FETI-DP.

3.5. FETI-DP

1J. Mandel and R. Tezaur, On the convergence of a dual-primal substructuring method (Numer. Math.
2001).

2.]. Mandel, C.R. Dohrmann, and R. Tezaur. An algebraic theory for primal and dual substructuring
methods by constraints (Appl. Numer. Math. 2005).

3.]. Li and O.B. Widlund. FETI-DP, BDDC, and block Cholesky methods (Internat. J. Numer. Methods
Engrg. 2006).

4S.C. Brenner and L.-Y. Sung, BDDC and FETI-DP without matrices or vectors (Comput. Methods
Appl. Mech. Engrg. 2007).
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Summary

® Saddle point problems and Schur complements

Aux Space ® Saddle point problem
Theory

1. Park [g %t] m - L’j , (Saddle)

® Schur complement system
Sp=d, where S=BAT!B": W — W, d =BA'f —g. (Schur)

has an auxiliary space structure.
® Schur complements are central in design and analysis of iterative
methods.
® Sharp estimates for Schur complements
® Sharp spectral estimates using the auxiliary space theory

. llall® |Bv||*
Amin(S) = inf su — A S)= su .
(%) 0#£qEW v, EV:q (Av,v) max(S) 0¢vg\/ (Av,v)

® Applications

® Augmented Lagrangian method
® Mixed finite element methods
® Nonoverlapping domain decomposition methods
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Thank you for your attention!

References
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9 JP and Jinchao Xu. Auxiliary space theory for the analysis of iterative methods for semidefinite
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